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Stable Cohomotopy Seiberg-Witten Invariants of 

Connected Sums of Four- Manifolds with Positive 

First Betti Number 

Masashi Ishida and Hirofumi Sasahira 
Abstract 



We shall prove a new non- vanishing theorem for the stable cohomo- 
topy Seiberg-Witten invariant |4j i5j of connected sums of 4-manifolds 
1-^ ' with positive first Betti number. The non-vanishing theorem enables 

j^ I us to find many new examples of 4-manifolds with non-trivial stable 

cohomotopy Seiberg-Witten invariants and it also gives a partial, but 
strong afhrmative answer to a conjecture concerning non-vanishing of 
the invariant. Various new applications of the non- vanishing theorem 
are also given. For example, we shall introduce variants Xk of Perel- 
man's A invariants for real numbers k and compute the values for a 
{/-^ I large class of 4-manifolds including connected sums of certain Kahler 

^^ ■ surfaces. The non-vanishing theorem is also used to construct the first 

CO I examples of 4-manifolds with non-zero simplicial volume and satisfying 

^^ ■ the strict Gromov-Hitchin-Thorpe inequality, but admitting infinitely 

^^ I many distinct smooth structures for which no compatible Einstein met- 

QP ■ ric exists. Moreover, we are able to prove a new result on the existence 

of exotic smooth structures. 
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5 Concluding remarks [71 

1 Introduction and the main results 

1.1 Bauer's non- vanishing theorem 

A new point of view in Seiberg-Witten theory [78] was introduced in [16j . 
Furuta [TB] described the Seiberg-Witten monopole equations as an S^- 
equivariant map between two Hilbert bundles on the 6i(X)-dimensional Pi- 
card torus Pic^{X) of a 4- manifold X. The Seiberg-Witten moduli space 
can be seen as the quotient of the zero locus of the map by the action of S^ . 
The map is called the Seiberg-Witten map (or the monopole map), which is 
denoted in the present article by 

fi:A — >C. 

By introducing a new technique which is so called finite dimensional approx- 
imation of the Seiberg-Witten map fi, the 10/8-theorem which gives a strong 
constraint on the intersection form of spin 4-manifolds was proved in [16] . By 
developing this idea, Bauer and Furuta [3] showed that the finite dimensional 
approximation of the Seiberg-Witten map /x gives rise to an S'^-equivariant 
stable cohomotopy class and that the stable cohomotopy class is a differential 
topological invariant of X. The invariant takes its value in a certain com- 
plicated equivariant stable cohomotopy group vr^i jg{Pic^{X),indD), where 
6+ := 6"*" (A) denotes the dimension of the maximal positive definite linear 



subspace in the second cohomology of X and indD is the virtual index bun- 
dle for the Dirac operators parametrized by Pi(P[X). In this article, let us 
call it stable cohomotopy Seiberg-Witten invariant and denote it by BFx- 

BFxiTx) G 4t,B(Pic°(X),mdD), 

where Tx is a spin'^ structure on X. As one of remarkable results, Bauer [5] 
proved the following non-vanishing theorem of stable cohomotopy Seiberg- 
Witten invariant: 

Theorem 1 ([5j) Let X := #"=iXj be a connected sum of n > 2 of almost 
complex ^-manifolds Xi with hi{Xi) = 0. The stable cohomotopy Seiberg- 
Witten invariants of X do not vanish if the following conditions are satisfied: 

• Each summand Xi satisfies b'^{Xi) = 3 (mod 4). 

• Each summand Xi satisfies SWxiiXXi) = 1 (mod 2), where Vxi is a 
spin'^ structure compatible with the almost complex structure. 

• Ifn>4:, then n = A and b'^{X) = 4 (mod 8). 

Since it is known that the integer valued Seiberg-Witten invariant SWx 
introduced by Witten [78j vanishes for connected sums of any 4-manifolds 
with b'^ >!, this theorem tells us that BFx is strictly stronger than SWx- 
Essential in computing the value of the invariant for connected sums was 
Bauer's gluing theorem, which states that the invariant of a connected sum 
is just equal to the smash product of the invariants for each of the two pieces. 
Theorem [T] naturally leads us to ask if a similar non- vanishing theorem 
still holds in the case where bi[Xi) ^ 0. It turns out that this problem is ex- 
tremely difficult. One of the reason for the difficulty is that the structure of 
the 5^-equivariant stable cohomotopy group 7r|i g(Pic'^(X),indD) is quite 
complicated. In the case where bi{Xi) = 0, the equivariant stable cohomo- 
topy group is isomorphic to the non-equivariant stable cohomotopy group 
of the complex projective space ([5]). In this direction, there are only two 
works, which are due to Furuta-Kametani-Matsue-Minami [17] and Xu |79j . 
It was shown in |17j that, under a certain condition, there are closed spin 4- 
manifolds with 6i = 4, 62 = 50, r = —32 and non-trivial stable cohomotopy 
Seiberg-Witten invariants, where r is the signature of the manifolds. On 
the other hand, Xu |79j could prove non-triviality of the stable cohomotopy 
Seiberg-Witten invariant for the connected sum of type X^T'^, where X is 
an almost complex 4- manifold with bi{X) = and b'^{X) = 3 (mod 4) or 
4-dimensional torus T^. Based on Theorem [1] and this result of Xu, it is so 
natural to make the following conjecture as was already proposed in |79] : 



Conjecture 2 (Conjecture 24 in |79] ) For i = 1,2,3, let Xi be 

• a 4-torus T^, or 

• a closed oriented almost complex 4-manifold with bi{Xi) = 0, 
b+{X,) = 3 (mod 4) and SWx,{Tx,) = 1 (mod 2), where Tx, is a 
spin*^ structure compatible with the almost complex structure. 

Then the connected sum {#i^iXi)^T^ has a non-trivial stable cohomotopy 
Seiberg-Witten invariant, where ^ = 2,3. 

To the best of our knowledge, this conjecture still remains open. How- 
ever, in the present article, we shall prove that Conjecture [2] in the case 
where i = 2 is true. See Corollary [J] below. 

1.2 The main results 

The main purpose of the present article is divided into twofold. The first one 
is to establish new non-vanishing theorems of stable cohomotopy Seiberg- 
Witten invariant of connected sums of 4-manifolds Xi whose first Betti num- 
ber bi{Xi) dose not necessarily vanish. See Theorem [Aj Theorem IBJ and 
Corollary S] stated below. The second one is to give several applications of 
Theorem |S] to both topology and differential geometry in dimension four. 
See Theorems El El El and [H below. 

To state the first main theorems, let us introduce the following definition: 



Definition 3 Let X be a closed oriented smooth 4-manifold with 5^(X) > 
1. Let Tx be a spin^ structure on X. Let ci{JZrx) be the first Chern class of 
the complex line bundle Crx associated with Tx- Finally, let ei, e2, • • • , fs 
be a set of generators of H^{X,7j), where s = bi{X). Then, define 



e*^-(rx):=-(ci(£r,)Ue,Ue„[X]), 



where [X] is the fundamental class of Xi and (•,•) is the pairing between 
cohomology and homology. 

Notice that the image of ci(£rx) under the natural map from H^{X, Z) 
to H'^{X,Z,2) is equal to 'W2{X). This implies 

(ci(£rx) U Ci U Cj, [X]) = {ti U Cj U Cj U Cj, [X]) = mod 2. 

Hence the ©*-^(rx) are integers. 

The first main theorem of this article can be stated as follows: 



Theorem A For m = 1,2,3, let Xm be a dosed oriented almost complex 
4--manifold with b'^{Xm) > 1 and satisfying 

b+{Xm)-bi{Xrn) = 3imodA). (1) 

Let Tx^ be a spin^ structure on Xm which is induced by the almost complex 
structure and assume that SWx,ri{Txm) = 1 (mod 2). Under Definition\^ 
moreover assume that the following condition holds for each m: 

&\TxJ = Q{^od2) forallij. (2) 

Then the connected sum #m=i-^rn has a non-trivial stable cohomotopy 
Seiberg-Witten invariant, where n = 2,3. 

Suppose now that bi{Xm) = holds. Then the condition ([T]) is nothing 
but b'^{Xm) = 3 (mod 4), and moreover the condition ([2]) holds trivially by 
the very definition. Hence, we are able to recover the non-vanishing theorem 
of Bauer in the case where i^m=i-^m and n = 2, 3. In this sense, Theorem 
lAl can be seen as a natural generalization of Theorem [T] except the case 
n = 4. Let us here emphasize that the strategy of the proof of Theorem 
El is different from that of Bauer's proof of Theorem [H In [BTj, the second 
author introduced a new differential topological invariant extracted from the 
finite dimensional approximation of the Seiberg-Witten map. In this article, 
we shall call the new invariant spin cobordism Seiberg- Witten invariant and 
denote it by SW^^"". The spin cobordism Seiberg-Witten invariant takes its 
value in the spin cobordism group: 

SWf'iTx) G f^f "' 

where d is the dimension of the Seiberg-Witten monopole moduli space 
associated with the spin*^ structure Tx- This invariant plays a crucial role 
in the course of the proof of Theorem [Al Indeed, we shall prove that the 
connected sums i^m=i-^rn in Theorem |A] have non-trivial spin cobordism 
Seiberg-Witten invariants. By showing that the non-triviality of SW^^" 
implies the non-triviality of BFx, we shall prove Theorem lAl This is totally 
different from the previous works of Bauer [5] and Xu [79] . 
In particular. Theorem lAl implies 

Theorem B For m = 1,2, 3, let Xm be 

• a closed oriented almost complex ^-''^o.nifold with bi{Xm) = 0, 
b+{Xm) = 3 (mod 4) and SWx^{TxJ = 1 (mod 2), where Tx^ 
is a spin^ structure compatible with the almost complex structure, or 



• a closed oriented almost complex 4^-m,anifold with h^{Xm) > 1; 
ci{Xm) = (mod 4) (i.e. the image of ci{Xm) under H'^{Xm,'^) — > 
H'^{Xm,'^A) is trivial) and SWxmi^Xjn) = 1 (mod 2), where Tx^ is 
a spin'^ structure compatible with the almost complex structure. 

Then a connected sum ^^^-^Xm, where n = 2,3, has a non-trivial stable 
cohomotopy Seiberg-Witten invariant. 

The construction of Gompf [23] provides us examples of the first case 
in this theorem. In fact, there are infinitely many examples satisfying such 
properties. On the other hand, we shall prove that products T,g x S/^ of 
oriented closed surfaces of odd genus g,h > 1 and primary Kodaira sur- 
faces are non-trivial examples of the second case in Theorem [Bl A pri- 
mary Kodaira surface is a compact complex surface X with b~^{X) = 2 and 
bi{X) = 3, which admits a holomorphic locally trivial fibration over an el- 
liptic curve with an elliptic curve as typical fiber (cf. [U EU [TBI [HI [21] ) . 
This is a non-Kahler, symplectic, spin complex surface. Theorem IB] provides 
us new examples of 4-manifolds with non-trivial stable cohomotopy Seiberg- 
Witten invariants. For example, by considering a 3-fold connected sum of 
primary Kodaira surface with itself, we are able to obtain the first example of 
non-symplectic, spin 4-manifold with odd first Betti number and non-trivial 
stable cohomotopy Seiberg-Witten invariants. Moreover, by considering a 
product Si X Si of oriented closed surfaces of genus one, we particularly 
obtain the following corollary of Theorem [Bj 

Corollary 4 Conjecture \M in the case where i = 2 is true. 

We are able to give various new applications of these non-vanishing 
theorems to both differential topology and differential geometry of con- 
nected sums of 4-manifolds as follows. Taubes's non-vanishing theorem ^3] 
for Seiberg-Witten invariants of symplectic 4-manifolds implies that closed 
symplectic 4-manifolds X has no decompositions of the form Yi^Y2 with 
b~^{Yi) > 0, b^{Y2) > 0. It is natural to ask whether connected sums 
#J^^iXm of symplectic 4-manifolds X^ have no decompositions of the form 
i^^^iYm with b'^{Ym) > 0, N > n. However, there are counter examples of 
this question. In fact, it is known that connected sums X^CP^ of any sim- 
ply connected, elliptic surfaces X and CP^ is diffeomorphic to pCP^#gCP 
for some p,q > 0. (See |55j.) This fact gives us infinitely many counter 
examples of the question. However, Theorem [B] implies that if X^ satisfies 
the topological condition ci{Xm) = 0(mod4) and if n < 3 then #^^^Xm 
has no such decompositions as follows: 



Theorem C Let Xm he closed symplectic 4-'m'0'nifolds with ci{Xm) = 
(mod 4) for m = 1,2,3, and X be a connected sum i^m=i-^m, where 
n = 2,3. Then X can not be written as a connected sum #m=i'^m with 
b'^{Ym) > and with N > n. 

The next apphcation concerns exotic smooth structures on some con- 
nected sums of 4-manifolds. We are able to deduce from Taubes's theorem 
|74) that ah simply connected, non-spin symplectic 4-manifolds X have ex- 
otic smooth structures. We shall prove that if b'^{X) = 3 mod 4 then con- 
nected sums X^X' also have exotic smooth structures for some X' by using 
Theorem [X] 

Theorem D Let X be any closed, simply connected, non-spin, symplectic 
4-manifold with 6"^ = 3 (mod 4). For m = 1,2, let Xm be almost com- 
plex 4-'nn,anifolds satisfying the conditions in Theorem\^ Then for n = 1,2 
connected sums X^i^^^iXm] always admit at least one exotic smooth 
structure. 

On the other hand, as was already studied by LeBrun with the first au- 
thor |271l28j. the non- vanishing theorem like Theorem[X]has various powerful 
differential geometric applications. For example, all the major results in [28] 
on the connected sum of three 4-manifolds with 6i = can be generalized to 
the case of 6i > by virtue of Theorem [Xj By combining Theorem [X] with 
the technique developed in [28], we are able to prove some new interesting 
results, i.e.. Theorems lEl and [F] below. 

In his celebrated work [631 [6^ |65] on Ricci flow, Perelman introduced a 
functional which is so called ^-functional and also introduced an invariant 
of any closed manifold with arbitrary dimension, which is called A invariant. 
The A invariant is arisen naturally from the .7^-functional. For 3-manifolds 
which dose not admit positive scalar curvature metrics, Perelman computed 
its value. See Section 8 in [6l]. Recently, Li [38] introduces a family of 
functionals of the type of ^-functional with monotonicity property under 
Ricci flow (see also \Q1\ [TOl [TTl 149]). Inspired by these works of Perelman 
and Li, we shall introduce, for any real number /c S M, an invariant Afc of 
any closed manifold with arbitrary dimension. We shall call it A^ invariant. 
In particular, Afc invariant includes Perelman's A invariant as a special case. 
Indeed, Ai = A holds. In dimension 4, we are able to prove the following 
result by using Theorem lAl 

Theorem E Let X„i be as in Theorem [2] and assume moreover that Xm 
is a minimal Kdhler surface. Let N he a closed oriented smooth 4-nianifold 



with b~^{N) = with a Riemannian metric of non-negative scalar curvature. 

2 
3' 



Then, for n = 2, 3 and any real number A; > I, Afc invariant of a connected 



sum M := {^]^^iXm)#N is given by 
Afc(M) = -Ak-K 



\ 



2 Y, ^(X. 



m=l 

Here notice that minimality of X^ forces that c1(Xm) = 2x{Xm) + 
3T(Xm) > 0, where xi^m) and T{Xm) denote respectively Euler charac- 
teristic and signature oi Xm- 

On the other hand, to state one more interesting application of Theorem 
lAl we need to recall the definition of Einstein metrics. Recall that any 
Riemannian metric X is called Einstein if its Ricci curvature, considered 
as a function on the unit tangent bundle, is constant. Not every closed 
manifolds can admit Einstein metrics. In fact, it is known that any closed 
Einstein 4-manifold X must satisfy 

2x{X)>?,\t{X)\. (3) 

This inequality is called the Hitchin-Thorpe inequality [251 I75j . In par- 
ticular, Hitchin ^25j investigates the boundary case of the inequality and 
describes what happens in the case. Indeed, Hitchin proved that any closed 
oriented Einstein 4-manifold satisfying 2x{X) = 3|t(X)| is finitely covered 
by either K'i surface or the 4-torus. Hence, almost all of 4-manifolds sat- 
isfying 2x{X) = 3|r(X)| cannot admit any Einstein metric. We shall call 
2x{X) > 3|t(X)| the strict Hitchin-Thorpe inequality. By using the original 
Seiberg-Witten invariant SWx , LeBrun [42j constructed the first example of 
simply connected closed 4-manifold without Einstein metric, but nonetheless 
satisfies strict Hitchin-Thorpe inequality. On the other hand, in non-simply 
connected case, Gromov p4] constructed the first example of non-simply 
connected 4-manifold satisfying the same properties. To give such exam- 
ples, Gromov [24] proved a new obstruction to the existence of Einstein 
metric by using the simplicial volume. More precisely, Gromov proved that 
any closed Einstein 4-manifold X must satisfy 

where ||X|| is the simplicial volume of X. Here, we notice that any simply 
connected manifold has vanishing simplicial volume. It is also known that 



there is an inequality which interpolates between ^ and ^. In this article, 
we shall call it the Gromov-Hitchin-Thorpe inequality [34j: 

2xiX)-3\T{X)\>^\\X\\. (5) 

The strict case is called the strict Gromov-Hitchin-Thorpe inequality. To 
the best of our knowledge, the following problem still remains open: 

Problem 5 Does there exist a closed topological spin or non-spin 4- 
manifold X satisfying the following three properties? 

• X has non-trivial simplicial volume, i.e., \\X\\ ^ 0. 

• X satisfies the strict Gromov-Hitchin-Thorpe inequality. 

• X admits infinitely many distinct smooth structures for which no com- 
patible Einstein metric exists. 

In the case where X is simply connected, i.e., \\X\\ = 0, this problem was 
already solved affirmatively. In particular, Problem [5] can be seen as a 
natural generalization of Question 3 considered in |2lj . See also Introduction 
of [27] . As a nice application of Theorem [Aj we are able to give an affirmative 
answer to Problem [5] as follows: 

Theorem F There exist infinitely many closed topological ^-'fnanifolds and 
each of these 4-manifolds satisfies three properties in Prohlem\^ 

We shall prove this theorem by constructing both spin and non-spin exam- 
ples. To the best of our knowledge, this result provides us the first example 
with such properties (see also Remark 1731 in subsection 14.61 below) . At least, 
the present authors do not know how to prove Theorem [F] without Theo- 
rem [Aj To prove Theorem [0 we shall also prove a new obstruction to the 
existence of Einstein metrics by using Theorem El See Theorem |T] stated in 
subsection 14.61 below. 

The organization of this article is as follows. In Section 2, we shall 
discuss differential topological invariants arising from finite dimension ap- 
proximations of the Seiberg-Witten map //. In particular, in subsections 
12.31 and 12.41 we shall recall the detail of the construction of SW^^ for the 
reader who is unfamiliar to this subject. We shall also remark that the 
non-triviality of SW^^"' implies the non-triviality of BFx- See Proposition 
[T7] below. In subsection 12.51 we shall discuss a relationship among BFx, 
SW^^" and SWx- Interestingly, by introducing a refinement SWx of 



SW^''"', we shall prove that there is a natural commutative diagram among 

spin 

BFx, SWx and SWx- See Theorem [19] below. Though this fact is not 
used in this article, it is clear that this has its own interest (see also Section 
[S] below). 

In Section [3l we shall give proofs of both Theorem [A] and Theorem [Bj 
In Theorem 1261 stated in subsection 13.11 below, we shall prove that the con- 
nected sums in Theorem [Xl have non-trivial spin cobordism Seiberg-Witten 
invariants. This result is a real key to prove Theorem |X] and, in fact, this 
immediately implies Theorem [Al See subsection 13.21 below. 

In Section [H we shall discuss several geometric applications of Theo- 
rem |X1 In subsection 14.11 we shall prove both Theorem [C] and Theorem 
Id! In subsection 14.21 we shall remark that Theorem |A] implies an adjunc- 
tion inequality which gives a bound of the genus of embedded surfaces in 
the connected sum (cf. [371 ISO]). In subsection 14.31 first of all, we shall 
recall two important differential geometric inequalities [451 H6] arising from 
Seiberg-Witten monopole equations. By combining these differential geo- 
metric inequalities with Theorem jAj we shall prove a key result to prove 
Theorems lEJ and IFJ See Theorem [53] in subsection HT3l By using the result, 
we shall prove Theorem [Ej in subsection 14.51 and also prove Theorem |F] in 
subsection 14.61 

Finally, we shall close this article with some remarks in Section [5l 

2 Finite dimensional approximation of the 
Seiberg-Witten map and differential topological 
invariants 

In this section, we shall recall mainly the detail of the construction of SW^^^ 
and discuss a relationship among BFx, SW^^^ and SWx- See also [H El 
El EH EZl El] for more detail. 

2.1 The Seiberg-Witten map 

Let X be a closed oriented 4-manifold with a Riemannian metric g. Take 
a spin*^ structure Tx on X. Then we have the spinor bundles Sp and its 
determinant line bundle Crx- Let r(5p ) be the space of sections of 5p 
and A{Crx) be the space of [/(l)-connections on Cr^- The Seiberg-Witten 
monopole equations [78] perturbed by a self dual 2- form r] G il+(X) are the 
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following equations for pairs {4>,A) G T{S^ ) x A{Crx)- 

Da(I) = 0, F+ = q{(t>) + T]. 

Here Da '■ r(5'p ) —>■ r{S^ ) is the twisted Dirac operator associated with 
the connection A and Levi-Civita connection of the Riemannian metric g. 
F^ denotes the self-dual part of the curvature Fa, and q{(p) is the trace-free 
part of the endoniorphisni (f)® (ff of S^ ■ Notice that this endomorphisni is 
identified with an imaginary-valued self-dual 2-forni via the Clifford multi- 
plication. 

Let Q := C°°{X,S^) be the group of smooth maps from X to S"^, then 
Q acts on V{S^ ) x AiTx) in the following way: 

where 7 G ^ and {A,4)) G r(5]t ) x A{Cyx)- This action preserves the 
space Syx {d-, v) of solutions of the perturbed Seiberg-Witten equations. The 
quotient space 

M'^ = M^^{g,r^):=Srx{g,v)/g (6) 

is called the Seiberg-Witten moduli space. More precisely, we need to take 
the completions of r(S'p ), A and Q in some Sobolev norms. However we do 
not mention Sobolev norms since it is not important in the present article. 
See [Ml [57] for more detail. 

The Seiberg-Witten moduli space ([6]) can be considered as the zero locus 
of a certain map between two Hilbert bundles over a torus. This map is called 
the Seiberg-Witten map. The Seiberg-Witten map has more information 
than the moduli space. In fact, we are able to deduce more powerful results 
by studying the Seiberg-Witten map. This point of view is introduced by 
Furuta [16]. Below, we shall introduce the Seiberg-Witten map following 

m- 

Fix a connection ^0 £ •^i'^Tx) ^^^ ^ point xq G X. Let Qq be the 
subgroup of G which consists of maps whose the value at xq is 1. Then we 
put 

T:={Ao + kerd)/go, (7) 

where d : fi^ -^ Q'^ is the derivative and the action of 7 G ^0 is given by 

j{A) = A- 27"^(i7 
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for A (^ Aq -\- kerd. One can see that the space T is isomorphic to the 
6i(X)-dimensional torus Pic^{X) = H'^{X,R)/H'^{X,Z). Let us define the 
following two Hilbert bundles A and C over T as follows: 

^ = (^0 + ker d) xg, (t{S^J © f]^) , 

C = (^0 + ker d) Xg, (t{S^J © 0+ © ^^(X) © Q^^/ 

Here TCg{X) is the space of harmonic 1-forms on X and M represents the 
space of constant functions on X. The actions of Qq on r(S'p ) and r(5p ) 
are the scalar products and the actions on $7^, Q~\^, Ti].{X) and fi^/M are 
trivial. Of course, there are natural actions of S^ on A and C induced by 
the scalar products on S'p . We are now in a position to introduce 

Definition 6 ([41, 116]) The Seiberg-Witten map associated with the Rie- 
mannian metric g and spin'^ structure Tx on X is an S'^-equivariant map 

fi-.A — >C 

which is defined by 

IJ,{A,4>,a) := {A,DA+a4>,F^+a-Qi(l^) + V,P{a),d*a). 

Here A e Aq + kevd, cf) e r(S'p ), a ^ Q\^ and p is the L^-orthogonal 
projection onto TiUX). 

One can check that the quotient /i~^(0)/5^ is nothing but the Seiberg- 
Witten moduli space ^. 

2.2 Finite dimensional approximation and BFx 

Let fj, : A — > C be the Seiberg-Witten map in the sense of Definition [6l We 
denote the linear part by / of /i. Namely, we have 

1{A, (j), a) = {A, Da<P, d'^a,p{a),d*a). (8) 

By a Kuiper's theorem [38], we have a global trivialization of C. We fix a 
global trivialization C = T x B, where ;S is a Hilbert space. For any finite 
dimensional subspace W C B, let us consider the orthogonal projection 
pr\Y : T X B ^ W and set J^{W) := 1~^{W). Then we define a map from 
J'iW) to W by 

fw ■=prw ° fJ-lj^iw)- 

12 



Let W~^ and J^(W)'^ be respectively the one point compactifications of W 
and J-{W). Under these notations, one of crucial results due to Bauer and 
Furuta [4J can be stated as follows: 

Theorem 7 ([4j) There exist finite dimensional subspaces W in B satisfy- 
ing the following properties: 

1. The finite dimensional subspace W <Z B and the image Im{l) of the 
linear part I span C = T x B, i.e., W + Im{l) = C. 

2. For each finite dimensional subspace W C B satisfying W C W , 
the map fw : J^{W') -^ W' induces an S^-equivariant map f^, : 
J-{W')~^ — > (W) between one point compactifications. And the fol- 
lowing diagram 



J'{W)®J^{U)+ > {W®U)+ 

{fw(Bpruol\jr(u))'^ 

is S^ -equivariant homotopy commutative as pointed maps, where U is 
the orthogonal complement ofW in W' . 

Based on this theorem, let us introduce the following definition: 

Definition 8 The map fw '■ ^{W) -^ W is called a finite dimensional 
approximation of the Seiberg-Witten map ^u if the subspace T^ C ;S is a 
finite dimensional subspace satisfying two conditions in Theorem [71 

Now, let fi : A — > C be the Seiberg-Witten map associated with the 
Riemannian metric g and spin*^ structure Tx on a 4-manifold X with b^ := 
b~^{X) > 1. Let fw '■ ^{W) -^ W he a finite dimensional approximation of 
/i and consider the 5^-equivariant map f^ : J^{W)~^ —>■ {W)~^ between one 
point compactifications. Then, Bauer and Furuta [3] showed that the 5^- 
equivariant stable cohomotopy class [f^] of f^ defines an element of a cer- 
tain 5^-equivariant stable cohomotopy group 7r|i ^{Pic^ {X) , ind D) and the 
class [f^] is independent of the choices of the Riemannian metric g and self- 
dual 2-form r]. See [HE] for the precise definition of vr^i ^{Pic^ {X) , ind D) . 
In the present article, we do not need to recall the precise definition of it. 
As a result, we reach the following definition: 
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Definition 9 ([4j) Let X be a closed oriented smooth 4-manifold with 
b~^{X) > 1 and Tx be any spin'^ structure on X. Then the value of the 
stable cohomotopy Seiberg-Witten invariant BFx for Tx is defined to be 

BFxiTx) ■■= [f^] e 4t,e(PicO(X),indD). 

As was already mentioned in Introduction, one of the main purposes of 
this article is to prove a new non- vanishing theorem of BFx- 

2.3 Finite dimensional approximation and spin structures 

Let M be any closed manifold. Then, the most fundamental question will 
be to ask if M is orientable or not. If M is orientable and oriented, a 
next fundamental question will be to ask if the oriented manifold M admits 
a spin structure. Now, it is known that, for generic ry, the Seiberg-Witten 
moduli space Al'^^ defined by ([6]) becomes an orientable, finite dimensional 
manifold. There is a natural way to orient M . After choosing an orienta- 
tion on A^'^^, one can consider the fundamental homology class [A^*^^] of 
j^sw _ The original Seiberg-Witten invariant SWx is defined by the using 
j^5M/j^ Hence, a next fundamental question for Ai will be to ask when 
Ai^^ admits a spin structure and if one can construct effective differential 
topological invariants by using spin cobordism class of Al equipped with 
spin structures. These natural questions were explored by the second au- 
thor [67]. Interestingly, it turns out that this is the case in a sense. In this 
and next subsections, we shall review some of the main points of the theory 
because this has a fundamental importance to prove Theorem lAl We also 
hope that this is helpful for the reader who is unfamiliar to this subject. See 
also |67] . The rough story is as follows. Let i^ ^ i? is a vector bundle over 
an oriented manifold B and s : B ^ F he a section of the bundle which 
is transverse to the zero section. Assume moreover, s~^(0) is compact. If 
both F and B admit spin structures then one can see that s~^(0) also ad- 
mits a spin structure. Then one can consider a spin cobordism class of the 
compact manifold s~^(0) equipped with spin structure. We shall apply this 
scheme to a section of the bundle E ^ V (see ([9]) below) induced by the 
finite approximation / of the Seiberg-Witten map //. The cental problem of 
this subsection is to see when both E and V admit spin structures. 

Now, let X be a closed, oriented 4-manifold with b'^{X) > 1. Take a 
Riemannian metric g and a spin'^ structure Tx on X. Let ^ : A — > C be 
the Seiberg-Witten map associated with g and Tx- By Theorem [7] above, 
we are able to get a finite dimensional approximation of the Seiberg-Witten 
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map fi: 

f:=fw:V:= T{W) -^ W 

We are also able to decompose naturally V and W as 



Here Vc and Vr respectively denote complex and real vector bundle over T 
(see d?])). And Wc and Wr are complex and real vector spaces. The S^ 
actions on V and W are the scalar products on Vc and Wc. 

On the other hand, it is known that, for generic 7], the perturbed Seiberg- 
Witten equations have no reducible solution, i.e., </> ^ 0. Hence, when W is 
sufficiently large, /~"^(0) lies in Virr := (Vc\{0}) xr V^. 

Since / is equivariant with respect to the S^ actions, / induces a section 
s of the vector bundle 

E:=VirrXslW >V :=Virr/S^. (9) 

By perturbing the section if necessarily, we may assume that the section s 
is transverse to the zero section. We denote the zero locus of s by A^ i.e., 

M:=s'^{0)cV. (10) 

Then A^ is a compact submanifold of V. Notice that M is slightly different 
from the Seiberg-Witten moduli space ([6]). 
First of all, we shall prove 

Lemma 10 A choice of an orientation on 7i^{X) © 7i^{X) induces an 
orientation on Ai. 

Proof. It is sufficient to orient the determinant line bundle detiR TAi of the 
tangent bundle TM oi M. We fix an orientation O on 7^^(X) © 7^+(X). 
Let M be the normal bundle of M in V. Then we have 

TV\M=TM®Af. (11) 

Since s is transverse to the zero section, the derivative of s induces the 
isomorphism 

Af = E\M- (12) 



From (flT]) and (|T2[1 . we have 

TMeE\M = TV\M- (13) 
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Therefore, we have an isomorphism 

detKTM^detRTV\M(^{detRE\MT- (14) 

Since the hnear part / of the Seiberg-Witten map is given by ([5]) , we have 

for some vector space W^. Moreover I induces an isomorphism between W^ 
and each fiber of Vk. (This gives a triviahzation of V^.) The vector bundle 
E over V has a decomposition E = Ec © E^, where 



Ec = VirrXslWc, Ef> = V X 

The complex part of E£ has the orientation induced by the complex struc- 
ture. Hence there is a triviahzation detR Ec — K- We obtain 



E^7r*detMK^{X)(^7r*detRVR, (15) 

where 2ig^(^) is the trivial vector bundle over T with fiber T-C'^{X) and vf : 
y — > T is the projection. On the other hand, there is a natural isomorphism 
(see Lemma 3.4 in [57]): 

TVeM^Tt*T{T)e{Tr*Vc0cH)eTt*VK (16) 

where T{T) is the tangent bundle of T and H := Virr X51 C. Since T{T) 
has a natural triviahzation 

T{T)^nl{X):=Txnl{X), 

we have 



TV ^ r detuHliX) (S) Tt* detuVu. (17) 

From dUD, ([TSD and dH]), we have 

detR TM ^ 7r*{detunl{X) ® detR Fr (detR2i+(X))* (detR Fr)*) |^ 
^ r (detR2i^(X) (detR2i+(X))*)|^ , 



where we used the canonical triviahzation detR V^ (S 
The Riemannian metric on X induces an isomorphism between TC'^{X) 
and 7i^{X)*. Hence the orientation O on Tig{X) © TC^{X) orients 
detM.Ti-liX) © (detR?t:+(X))* and hence detRTA^. I 

Next, we shall prove the following result: 
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Proposition 11 Let {ej}^^^^ be a set of generators of H^{X,7j), where s := 
bi{X). Let f : V ^ W be a finite dimensional approximation of the Seiberg- 
Witten map /U associated with g and Tx- Assume that m := dime Wc is 
even. Let Xr^ G Z 6e the numerical index of the Dirac operator associated 
with g and Tx- Moreover, put &^ij^x) '■= \ {ci{Cyx) U e^ U tj, [X]) ^ Z as 
Definition\^ above. Suppose that the following conditions are satisfied: 

r Tr;, ^ (mod 2), 
^ ' \ &^{Tx) = (mod 2) for all i,j. 

Then Ai is spin. 

Let us give a proof of this proposition. First of all, by the isomorphism 
([13]), we have T^A © E\_m = TV\m- Hence, a sufficient condition for Ai 
to be spin is that both TV and E are spin. Below, we consider when the 
second Stiefel- Whitney classes of both TV and E are trivial. 

Let Ind-D G K{T) be the index bundle of the family {-DaImieT of Dirac 
operators. Since the complex part of the linear part I of the Seiberg-Witten 
map /i is the Dirac operator, we have Ind-D = [Vc] — [C™] G K{T), where 
m := dime lyic. The real part E^ of E := Virr Xgi ^ is trivial and the 
complex part Ec of E is given by Eq = Virr X51 Wc- Hence E^ is spin and 
the first Chern class of Ec is 

ci{Ec)=mci{H)£H\V,Z), (18) 

where, again, H := Virr X51 C. 

In general, the mod 2 reduction of the first Chern class of a complex 
bundle is equal to the second Stiefel- Whitney class. Therefore, we are able 
to conclude that, by (jlSp . Eq is spin if m := dime Wc is even. From now 
on, we assume that m is even. By the above argument, the E := Virr x^-i PF 
is spin in this situation. 

On the other hand, the isomorphism (I16p above means that TV is spin 
if the complex bundle '7f*Vc <^ H is spin since both T{T) and Vr are trivial. 
The first Chern class of Tt*Vc <^ H is given by 

ci(7f*yc (^H)= 7f*ci(yc) + {m + a)ci{H) 

= rci{liidD) + {m + a)ci{H) (19) 

G/7^(y,Z). 

Here a := Z^^ G Z is the numerical index of the Dirac operator Da- The 
first Chern class of IndD is calculated by Li-Liu [50J and Ohta-Ono [58] 
independently. Let us recall the result. 
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Let {ej}j^i be a set of generator of H^{X,7j), where s := bi{X). Then, 
we have an identification between T (see ([7])) and the n-dimensional torus 
T". Fix a point xq G ^. We define a map V' from X to T" = T by 



The symbol / means an integration over some curve on X connecting xq to 
X . Prom the Stokes theorem, this map is independent of the choice of curve. 
It is easy to see that the induced homomorphism ip* : H^CT, Z) -^ H^{X, %) 
is isomorphic. Put f^ := {i>*Y^(tj) G H^iJ ,TL). Then a result in [^ [58] 
tells us that the following holds: 

Proposition 12 ( [50|, l58i| ) The first Chern class oflndD is given by 
ci(IndD) = IY1 (ci('^r^) U ei U e,-, [X]) U U f, G H\T,Z). 

Prom p9p and Proposition [T^ it follows that Vc CS -ff is spin if 



a = (mod 2), 
1 
2 



©^^■(Px):=-(ci(£rx)Ue,Ue„[X])=0 (mod 2) (^i,j) 



because we assume that m := dime Wc is even. Hence, we have shown 
Proposition [11] as promised. 

On the other hand, note that, if &^{Tx) are even for all i,j, then Propo- 
sition [12] tells us that the first Chern class of Ind D is also even. We next 
explain that, under the condition (*) in Proposition [TTl a choice of square 
root of the complex determinant line bundle of the family of Dirac operators 
{DA}AeT induces a spin structure on Ai. More precisely, we have 

Proposition 13 Assume that the condition {*) in Proposition[Tl\holds. An 
orientation O onTi\{X)(B'H~^{X) and a square root L o/detc(IndD) induce 
a spin structure on M . 

Proof. See also the proof of Proposition 3.10 in [67] . Assume now that 
(*) in Proposition [11] is satisfied. Then, it follows from the above discussion 
that both TV and E := Virr XgiW have spin structures. More precisely, the 
spin structures on TV and E induce a spin structure on M compatible with 
the isomorphism TM. © E\m — TV\m- Hence, we only have to show that 
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an orientation on TCg{X) © TC'^{X) and a square root of detclndl) induce 
spin structures on TV and E. 

First, we equip E with a spin structure in the fohowing way. Fix an 
orientation on W^. Then we obtain a spin structure on the real part E^ = 
V X Wk of E compatible with the orientation. It is well known that a 
choice of square root of the complex determinant line bundle of a complex 
vector bundle induces a spin structure when the first Chern class is even 
(see Lemma 3.9 in [GTj). Since detc -E'c = H®^ and m is even, H^"^'^ is a 
square root of detc-E'c- Hence, £'c has a natural spin structure. Therefore, 
we obtain a spin structure on £' = Ec © £'r. 

Next, we equip TV with a spin structure. From (J16p . it is sufficient 
to equip Vm. ,]:LI{X), Vc © ^ with spin structures. Take an orientation on 
T-C^{X). Then we have a spin structure on Vr compatible with orientations 
on VFk, 7i^{X) and the linear part / of the Seiberg-Witten map fi. The 
orientation on 7i'^{X) also induces a spin structure on Tlli^) compatible 
with O. Let L be a square root of detcIndZ). Then L © iJ®(™+«)/2 ig a 
square root of 

detc(T/c (^H)= detc(IndD) © F^(™+"). 

Hence we have a spin structure on TV. Therefore we obtain a spin structure 
on A^. It is not hard to see that the spin structure is independent of the 
choice of orientations on VFr and Tl'^{X). Hence the claim follows. I 



2.4 Spin cobordism Seiberg-Witten invariant 

Suppose that (*) in Proposition [TT] holds. As we shall see below, then we 
are able to show that the spin cobordism class of Ai is independent of the 
choice of both Riemannian metric g and finite dimensional approximation 
of the Seiberg-Witten map /i. In fact, we have 

Theorem 14 Let X be a closed, oriented A-manifold with b'^{X) > 1 and 
Tx be a spin'^ structure on X. Fix an orientation O on TCg{X) © TC^{X). 
Assume that the condition (*) in Proposition\ll\ holds and take a square root 
L o/detc:(IndD). Then the spin cobordism class of Ai is independent of the 
choice of both Riemannian metric on X and finite dimensional approxima- 
tion of the Seiberg- Witten map. Hence, the spin cobordism class gives rise 
to a differential topological invariant of X. 

Let us give outline of the proof. Take two finite dimensional approximations 
fo-.VQ^ Wq and fi-.Vi^ Wi. We write Mi for fr^{<d)/S^. Considering a 
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larger finite dimensional approximation f : V ^ W with Vi C V, Wi C W , 
we are able to reduce the proof to the case when Vq C Vi , Wq C Wi . Let 
U be the orthogonal complement of Wq in Wi. By Theorem [71 we have 
a homotopy /"^ between (/o ® pru o /|;r(;7))'*' and /-i^. By perturbing the 
map /+ if necessarily, we may conclude that M. = (/+)^^(0)/5'^ becomes a 
smooth manifold with boundary Mq ]J A^i. The square root L also induces 
a spin structure on ^A whose restrictions to A^, are the spin structures on 
Aii. So A1 is a spin cobordism between A^o and Mi. Hence the spin 
cobordism class is independent of the finite dimensional approximation of 
the Seiberg-Witten map. The proof of independence on Riemannian metrics 
is also similar. See [67] for more details. 

We are now in a position to introduce the precise definition of the spin 
cobordism Seiberg-Witten invariant: 

Definition 15 Let X be closed, oriented 4-manifold with h'^{X) > 1 and 
Tx be a spin'^ structure on X. Fix an orientation O on 7{^{X) © 7{'^{X). 
Assume that the condition (*) in Proposition 1111 holds and choose a square 
root L of detc(IndZ)). Then we denote the spin cobordism class of M by 

Here d is the dimension of Ai. We shall call this spin cobordism Seiberg- 
Witten invariant of X. 

Remark 16 It is known that the dimension of Seiberg-Witten moduli space 
Ai^^ (see dni)) associated with the spin*^ structure Tx is given by 

dimAl^^ = \{cl{Cr^) - 2x{X) - 3t(X)). (20) 

On the other hand, A^ (see (llOp ) is slightly different from Ai . However, 
the dimension of Ai is also given by the above formula. In fact, since A^ is 
the zero locus of the section s of the bundle E, we have 

dim M = dim V - rankR E. (21) 

The rank of E'k is equal to b^{X) + n and the rank of Ec over R is equal to 
2m. On the other hand, the dimension of V is given by 

bi{X) + 2{m + a)+n-l = bi{X) + 2m + - (c?(£rx) " ^(^)) +n-l. 
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From (j2ip . we have 

1 



dimA^ = 61 (X) + l(^cl{Cr^) - t{X)) - 1 - b+{X) 
i(c?(£rx)-2x(X)-3r(X)). 



hence we have 



dimM^^ = dimM = Vc?(£r;,) - 2x(X) - 3r(X)). (22) 



Let us close this subsection with the following proposition which clarifies 



a relationship between BFx and SW^^^^' 



Proposition 17 Let X be a closed oriented 4^-manifold with h'^{X) > 1 and 
let Tx be a spin'^ structure. Suppose that the condition (*) in Proposition 
[71] holds and that the value of the spin cobordisni Seiberg- Witten invariant 
for Tx is non-trivial, i.e., SW'^'^^iTx^L) 7^ for some square root L of 
detc(IndD). Then the value of the stable cohomotopy Seiberg- Witten in- 
variant for Tx is also non-trivial, i.e., BF(Tx) 7^ 0. 

Proof. We shall prove the claim by showing the contraposition. Assume 
now that BF{Tx) is trivial. Let / be a finite dimensional approximation of 
the Seiberg- Witten map associated with Tx and some Riemannian metric. 
Fix any square root L of IndD. By the hypothesis, we have a homotopy 
f~^ between /+ and the constant map h. The map h maps all elements 
in V^ to 00 G W~^. We may assume that / is transverse to 0. Since the 
zero locus of h is empty, we conclude that A4 = f~^{0)/S^ is a smooth 
manifold with boundary A^ = f~^{0)/S^ . The square root L also induces 
a spin structure on Ai compatible with the spin structure on Ai. Hence 
SWP'^"'{Tx, L) must be trivial by the very definition. I 

We shall use Proposition[T7]to prove Theorem [At On the other hand, it is 
a natural question to ask if there is a natural relationship among SWx , BFx , 
and SW^''"'. In next subsection, we shall explore this problem and point 
out that there is a natural commutative diagram among SWx, BFx and 

- — - spin 

a refinement SWx of spin cobordism Seiberg- Witten invariant. Though 
this result is not used in this article, this has its own interest. 
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2.5 Commutative diagram among three invariants 

Let X be a closed, oriented 4-manifold with b'^{X) > 1. Take a Riemannian 
metric g and Tx be a spin'^ structure on X. Let fi : A — > C be a corre- 
sponding Seiberg-Witten map fi and / be a finite approximation of //. On 
the other hand, we write Airr for the complement of the set of fixed point 
of the S^-action on A, i.e., 

Airr ■■= (ylo + kerd) xg„ ((r(5+^)\{0}) X n]^ 

The action of S^ on Airr is free. We denote the quotient Airr/S^ by Birr- 
We denote the spin cobordism of the space Birr by il,Y^"'{Birr)- Namely, 



nX'^iB.rr) ■■={{¥, a, ^) 



Y: a closed, oriented d-manifold 

a: a spin structure on Y 

ip : Y ^ Birr '■ a continuous map 

where the equivalence relation is defined by the following way: 

{Yi,ai,ipi) ~ iY2,a2,^P2) <^ 
^{W,aw,y^w) s.t. 
W: an oriented d + 1-manifold s.t. dW = Yi TT 1^2, 
aw'- a spin structure on W with crw\Yi = cri, 
ipw '■ W — > Birr'- a continuous map with (pwWi = Vi- 

D.^J'^"' (Birr) has a module structure in a natural way. 

Now, we have the natural inclusion i : M. = f~^{0)/S^ ^-> Birr- Assume 
that the condition (*) in Proposition [TT] holds. Then, a choice of a square 
root L of detlndZ) induces a spin structure cjl on A4. The triple {Ai, ai, i) 
defines a class of Q'^f^^{B*), where d is the dimension of M- We write 

SWx (rx,L) for the class: 

swT{rx,L)enf''{B„r)- 

In a similar way to the proof of Theorem [T^ we can show the following: 

Theorem 18 Let X be a closed, oriented A-manifold with b'^{X) > 1 and 
Tx be a spin^ structure on X. Fix an orientation on 7il{X) © 7i'^{X). 
Assume that the condition (*) in Proposition \11\ holds and fix a square root 

L o/detlndZ). Then SWx (^x-,L) G Q^f^^{Birr) is independent of the 
choice of metric and finite dimensional approximation of the Seiberg- Witten 

— - — spin 

map, and hence SWx \^x,L) is a differential topological invariant of X. 
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We leave the detail of the proof of this theorem, as an exercise, for the 
interested reader. See also [67] . 

On the other hand, let F be the forgetful map form ^^J^^ [Birr) to fi^^*". 

Then the following follows from the definition of S'VF^*" and SW ^ '■ 

F{swTirx,L)) = swf^{rx,L) G f^r". 

We are now in a position to state the main result of this subsection: 

Theorem 19 Let X be a closed, oriented A-manif old with h^ {X) > 6i(X) + 
1. Take a spirf structure Tx and a finite dimensional approximation f of 
the Seiberg-Witten map fj, associated with Tx- Assume that the dimension 
d of M = f^^{0)/S^ is even and the condition (*) in Proposition\ll\ holds. 
Fix a square root L of det Ind D . Then there are the following natural maps: 

t^^ : ^Sg(Pic°(X),indZ)) — > Z, 
tT ■■ vr5,g(PicO(X),indi?) -^ ^Ti^^rr), 

such thattJ^{BFx{Tx)) = SWxiFx), tf'^{BFx{Tx)) = SwT{rx,L) 
and f^^^"" (SW X (T x)) = SWx{Tx)- Moreover the following diagram is com- 
mutative: 

TT^g,^{Pic^{X),\nAD) 

BF 




In what follows, we shall give a proof of Theorem I19[ 
First of all, we define the map 

t^^ : 4t^g(PicO(X),indZ)) ^ Z. 

This map was defined in [1|. Assume that b'^{X) > bi{X) + 1 and dimTW = 
2d'. Take an element [a] G 7r|t ^{Pic^ {X) , ind D) . Here a : V+ ^ W+ is a 
representative. The difference of the dimensions of {0} xV^{<zV) and W 
is b'^{X) — bi{X). Since b'^{X) > bi{X), there is a small e > and a map 
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P : Vm. ^ W such that a\vf^ + e(3 does not intersect with zero in W. Put 
a' = a + e/3. Then a'-\0) C (Fc\{0}) xr Mr, and M = a'^{0)/S^ is a 
compact, smooth manifold with dimension d = 2d' . Then define as 

t^^i[a])■.= {c^{H^'),[M])GZ, 

where H := Airr x^i C ^ Birr- Then we have the following: 

Lemma 20 t ([a]) is independent of the choice of representative a and 
t^^{BFx{Tx)) is equal to SWx{Tx). 

See [1] for details. 

Next we define the map 

t'r ■■ 7T';,^s{Pic\X),mdD) -. n'riB.rr). 

Suppose that the condition (*) in Proposition [11] holds. Fix a square root 
L of detIndL>. Let [a] G vr^i j^{Pic^ {X) , ind D) . As above, we may assume 
that a~^(0) C (Vc\{0}) xr Mr and M^ = a~^{0)/S^ is a closed, smooth 
manifold with dimension d. We can show that the choice of L induces a spin 
structure aL,a on Ma in the same way as Proposition [131 We put 

if "(H) := [Ma,aL,a,ia] G ^r"(^-), 
where ta '■ M^ ^-> Birr is the inclusion. Then we have 

Lemma 21 ^^'^'^(M) ^^ independent of the choice of representative a and 
fr{BFx{Tx)) = SwT{Tx,L). 

Proof. By the definition of tf™, we have tf™(5Fx(rx)) = SWx{Tx,L). 
So, it is enough to show the well-definedness of the map tf ". 

Now, take S^-equivariant maps a : V^ -^ W^, a' : V '^ ^ W ^ 
with [a] = [a'] G 7r|i g(Pic''(X),indL'). We may suppose that both 

Mq = a~^{0)/S^ and Mi = a ~^{0)/S^ are closed, smooth manifolds with 
dimension d. The square root L induces spin structures o"o,l, cti^x, on 
Mq,Mi, respectively. We denote natural inclusions by lq : Mq ^-> B^ 



irri 



L\ : Ml ^^ Birr- Considering another map a" : V ^ ^ W ^ with 



[a] = [a'] G TTei K!{Pic^{X),mdD) and satisfying 



M+CM+, W+CW+, M+CM+, W+CW 
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we are able to reduce the proof to the case when V^ GV^, W^ C W ^ . 

Now, let Uq, Ui be the orthogonal complements of V, W inV , W . Then 
the linear part / (see ([8])) induces an isomorphism between Uq and Ui, and 
there is an S'^-equivariant homotopy h : V ^ x [0,1] ^ W ~^ between (a © 
{l\uo)) and a' by Theorem [71 From the assumption that 6+ (X) > bi{X) + l, 
we may suppose that /I'^O) ^ (FcMO}) XyVkx [0, 1] and M = h~'^{0)/S'^ is 
a d + 1-dimensional smooth manifold with boundary Mq ]J Mi. The square 
root L induces a spin structures on M whose restrictions to Mq, Mi are the 
spin structures o"o,l, cti^l respectively. 

Finally, Let l : M ^^ Birr x [0, 1] be the natural inclusion. Then 
{M,aL,i) is a cobordism between (Mq, cto.L; '■o) and {Mi,ai^L,ii). Hence 
we have [Mo,(To,l, to] = [Mi,ai^L,i'i] G ^^'^"'{Birr) as desired. I 

Finally, we shall define 

as follows. Take an element [M,a,f] G Q.^J'^^{Birr)- Here M is a closed, 
oriented {d =)2(i'-dimensional manifold, cr is a spin structure on M and 
f : M ^ Birr is a continuous map. We define as 

t'P^^{[M,a,f]) := {fciiHf, [M]) G Z, 

where, again, H := Airr x^^i C — > Birr- Then we have 

Lemma 22 t^P^"'{[M,a, f]) is independent of the choice of representative 
{M,a,f) andt'P'^{SWx{rx,L)) = SWx{rx)- 

Proof. t'P^"'{SW''^''{Tx)) = SW{Tx) follows from the definition of the in- 
variants. So it is enough to show the well-definedness of the map t*P*"-. Now, 
take two triples (Mo,cro,/o), (Mi,cJi,/i) with [MQ,aQ,fo] = [Mi,ai,fi] in 
QY^"'{Birr)- Then there is a cobordism {M,d,f) between the two triples. 
By Stokes theorem, we have 







M 



6f*c,{H^') = {flc.iH'^'), [Afi]) - (/o*ci(F'^'), [Mo]) , 



where we considered ci{H ) as a closed differential form and 5 is the 
exterior derivative in the above equation. Therefore the map t**?*"- is 
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well-defined. I 

Prom the above definition of three maps, it is clear that the diagram in 
Theorem [19] is commutative. Hence we have done the proof of Theorem 1191 
In particular, as a corollary of Theorem 1191 we obtain 

Corollary 23 Let X,Tx,L be as in Theorem \19[ Then we have 

( swx{rx) = oez, 



BFx{Vx) = e 4t g(Pic°(X),indD) =^ 

-^spin r^_nc O'Pi^ ( R \ -^ / SWx{T x) = G Z, 

SWx (rx, L) - G Q, {B^rr) =^ I ^^^,.„^^^^ ^^ ^ Q ^ ^, 



STyf'*"(rx,L) = OGf]f*" 



spin 
d ■ 



3 Proof of Theorem A 



In this section, we shall prove Theorems |X] and [B] which were stated in 
Introduction. 

3.1 Non-triviality of spin cobordism Seiberg-Witten invari- 
ant 

We shall start with the following simple observation (see also Remark [TBI 
above): 

Lemma 24 Let X he any closed oriented smooth 4^-manifold with a Rieman- 
nian metric g and Tx be a spin^ structure on X. LetTrx ^^ ^^^ numerical 
index of the Dirac operator associated to g and Tx ■ Then the following two 
conditions are equivalent: 

• Jr^ = (mod 2), 

• drx + b~^{X) - biiX) = 3 (mod 4), 

where drx is the dimension of M, where see JTOj) and [2^). 

Proof. This follows from a direct computation. Indeed, we have the follow- 
ing by the formula (j22p : 



dvx = \{cl{Crx)-2x{X)-?,T{X)). 
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Equivalently, 

cliCv^) = Mr^ + 2x{X) + 3t(X). (23) 

On the other hand, the Atiyah-Singer index theorem tehs us that the index 
Xyx is given by 

lrx = l{cl{Crx)-r{X) 



This formula and (j23p teh us that 

1 

4 



lr, = -(2drx+x{X)+T{X) 



Since x{X) + t{X) = 2(1 - 6i(X) + 6+(X)), we obtain 

^r^ = ^('^r;,+6+(X)-6i(X) + l). 

It is clear that this equality implies the desired result. I 

Proposition [TTl Theorem [T^ Definition [15] and Lemma [24] imply the 
following: 

Proposition 25 Let X he closed, oriented A-manifold with b'^(X) > 1 and 

Tx be a spin'^ structure on X. Fix an orientation O on liX{X) © TL'^^X). 
Choose a square root L o/ detc(IndL') and assume that the following con- 
ditions are satisfied: 

{ drx+ b+{X) - bi{X) = 3 (mod 4), 
y*h I Qio{Yx) = (mod 2) for all i,j. 

Then the spin cobordism class of Ai defines 

SW'P^''{Tx,L)enf, 

where, again, d^x is the dimension of M. 

Proposition [25] and a method developed in [67] enable us to prove the 
following which is the main result of this subsection. This is a real key to 
prove Theorem [A] 

Theorem 26 For m = 1,2,3, let X^ be a closed oriented almost complex 
4-nianifold with 6+(Xm) > 1 and satisfying 

6+(X„) - 6i(X„) = 3 (mod 4). (24) 
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Let TjCm be a spirf structure on Xm which is induced by the almost complex 
structure and assume that SWx^iXx^) = 1 (mod 2). Under Definition\^ 
moreover assume that the following condition holds for each m: 

&'{^xj = (mod 2) for all ij. (25) 

Put X = #m=i-^rn for n = 2,3, and let Tx be a spin*^ structure on X defined 
by Tx = #J^=i(±rx„). Here —Tx,„ is the complex conjugation ofTx,„ and 
the sign it are arbitrary. Fix an orientation O on Ti^{X) © 7i~^{X) and 
choose a square root L 0/ detc:(IndD). Then M associated with the spin^ 
structure Tx (see jTOj) ) defines a non-trivial spin cobordism class, i.e., 

SW'P'''{Tx,L)i^Qen'^% 

Here, let us make the following observation: 

Remark 27 The following holds: 

1. Let X be a closed oriented smooth 4-manifold. We shall call a class 
A G H'^{X,'L) is an almost canonical class if 

A = W2{X) (mod 2), A^ = 2x{X) + ?,t{X). (26) 

Such classes exist on X if and only if X admits an almost complex 
structure. More precisely, A G H^{X, Z) is an almost canonical class if 
and only if there is an almost complex structure J on X which is com- 
patible with the orientation, such that A is just the first Chern class 
of the canonical bundle associated with the almost complex structure. 

2. Let X be a closed oriented smooth 4-manifold with b'^{X) > 2 and a 
spin*^ structure Tx- Then the Seiberg-Witten invariant SWx{—Tx) is 
equal to SWx{Tx) up to sign. In particular, SWx{—Tx) is also odd 
iiSWx{Tx) is odd. 

3. Under the situation in Theorem \2U[ for each m, the condition {*)i 
in Proposition [25] for the spin'^ structure Tx^ induced by the almost 
complex structure is equivalent to 

r 6+(X)-6i(X)=3(mod4), 
^ >^ \ &HTxJ = (mod 2) for ah i,j, 

namely, drx^ = holds. In particular, the condition (*)i for —Tx^ 
also holds if the condition (*)i for Tx^ holds. 
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4. Under the situation in Theorem [26l the spin^ structure Tx on X = 
if'm^iXm satisfies the condition (*)i in Proposition [25l In particular, 
SW'P'''{Tx,L) is defined for Tx- 

5. One can easily check that dr^ = n — 1 holds for the spin'^ structure 
Tx = #;^=i(±rx„) by using the formula m 



6. Under the same situation with Theorem [261 one can still define the 
spin cobordism Seiberg-Witten invariant for a connected sum X = 
i^'^=i-^rn, where n > 4. However, it is known that the spin cobordism 
Seiberg-Witten invariant in this case must vanish. See Remark 3.16 
in [67]. 



In fact, the first claim is known as a result of Wu. See [2B]. The second 
claim is well known to the expert. See |56[l57j for the detail. The third claim 
follows from the fact that ci(£rx ) i^ ^^^ ^^^^ Chern class of X defined by 
the almost complex structure. This fact and the formulas (j22p . (j26p tell 
us that drx^ = 0. This implies the desired result. It is not also hard to 
prove the fourth claim. Notice that both {*)i in Proposition [25] and (*)2 
for Txm are equivalent to the (*) in Proposition [TT] for Fx^- Similarly, (*)i 
in Proposition [25] for Tx is also equivalent to (*) in Proposition 1111 for Tx- 
Since each component Xm of the connected sum X = jf^'^^^Xm has the 
spin'^ structure Tx,^ satisfies (*) in Proposition [Til the spin'^ structure Tx 
on the connected sum X also satisfies (*), where we used the definition of 
G^^{Tx) and the sum formula of the index of the Dirac operator. Hence the 
fourth claim now follows. 

Let us review the definition of the Lie group spin structures before giving 
a proof of Theorem [26] See also |30j . In the proof of Theorem [26] the 
moduli space can be identified with 5^ or T^ and we shall prove that the 
spin structure on the moduli space is the Lie group spin structure. 

Let G be a /c-dimensional compact, oriented. Lie group and suppose 
that we have an invariant Riemannian metric on G. When A; > 3, let Pso 
be the orthonormal frame bundle of TG. When A: = 1 or A; = 2, let Pso 
be the orthonormal frame bundle of TG © M for some k' > 2. Fix an 
orthonormal basis {ei, . . . , e^} of the Lie algebra g = TeG compatible with 
the orientation. Then we are able to define spin structures on G in two 
ways. For g & G, we denote the multiplications of g from right and left 
by Rg, Lg. The derivative of Rg and the basis {ei, . . . ,6^} give a global 
trivialization of the tangent bundle TG. Also Lg and {ei, . . . , e^} give us 
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another trivialization of TG. These give us two triviahzations 

^B. -.Pso^Gx SO{k"), ^l:Pso^Gx SO{k"). 

Here k" is /c if A; > 3 and /c + A;" if A; = 1 or /c = 2. The double covering 
Spin{k") — > SO{k") and the triviahzations tpR, ipi give two double coverings 
of Pso- Hence we obtain two spin structures on G. The isomorphism classes 
of these spin structures are independent of the choice of {ei, . . . ,6^} since 
SO{k) is path-connected. Of course, if the Lie group is commutative, these 
two spin structures are the same. Spin structures defined in this way are 
called Lie group spin structures. 

In the course of the proof of Theorem [26} we shall use the following 
well-known result (for example, see |30lll7j ): 

Theorem 28 The spin cobordism groups fi^^*"" and Q^^^ are isomorphic to 
Z2 and the generators are represented by the Lie group spin structures on 
S^ and T^ respectively. 

We are now in a position to give a proof of Theorem [26l 

Proof of Theorem \2^ First of all, we prove the theorem in the case where 
n = 2. Let fm '■ Vm -^ Wm be a finite dimensional approximation of the 
Seiberg-Witten map associated with Tx^ or — Tx^, where tti = 1,2. 

Suppose now that the rank of (Wm)c are even. Firstly, for simplicity, 
let us assume that Aim = fm^{^)/ S^ consists of one point for all m. By 
Bauer's connected sum formula [5] for stable cohomotopy Seiberg-Witten 
invariants, we may suppose that 

/ = /i X /2 : y = Vi X ^2 — >W = WixW2 

is a finite dimensional approximation of the Seiberg-Witten map associated 
to Tx := (±rxj#(±rxj on X = Xi#X2. Then Mx ■= f-HO)/S} = 
fi (0) X /2~ {0)/S^ is naturally identified with S^. Here S^ is the diagonal 
of S^ X S^. Since f = fi x f2 is S^ x S'^-equivariant, we have a natural 
action of Si = {S^ x S^)/Sj ^ S^ on Mx = S^. Hence, Mx admits a Lie 
group spin structure aj(^ coming from the action of S^ . 

On the other hand, we have a natural action of S^ x S^ on Virr and this 
action also induces 5g-actions on both V := Virr/S\ and E := Virr Xgi W. 
Via natural actions of Sg on both TV\mx ^"^^ P^\mx — ^irr X51 {Wi © 

^2)|a4x' ^^ *^® *bl^ ^o S^^ ^^^ group spin structures on both TV\mx ^^^^ 
E\_M-^. These Lie group spin structures together induce the Lie group spin 
structure aj(^ on Mx- 
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On the other hand, we fix a square root L of detc(Ind D) associated with 
Tx- Then, as explained in subsection 12.31 we have a spin structure ay on 
V := Virr/ S\ induced by L, and we also have a natural spin structure ge 
on E := Virr x^i W. As before, the restrictions of both ay and aE to Aix 

d 

give rise to a spin structure aMx o'^ -^x- 

Hence, we have two spin structures on M.x, i-e., crj(^ , cfmx- Therefore, 
we are able to define two spin cobordism classes: 

5T^^P*"(rx,L) = [Mx,aMxi [Mx,a^'J e fif " - Z2. 

Here notice that the generator of fi^^*" = Z2 is represented by the Lie group 
spin structure on S^ = M.x as mentioned in Theorem [28l Hence, if we are 
able to show that aj^^ is isomorpshic to a^ , the non-triviality of the spin 
cobordism Seiberg-Witten invariant follows: 

SW'P'^{Tx,L) = [Mx^^mA = [Mx,a^'J + e J^f" = Z2. 

Hence, our task is to show that aj^^ is isomorpshic to Oj^ . By the con- 
structions of these spin structures, it is enough to prove the following lemma: 



Lemma 29 The restrictions ofay, aE to Mx o-i^g the Lie group spin struc- 
tures induced by the S^-actions on TV\mx' ^\mx- 

Proof. Let tm € %n := H^{Xm,'\^)/H^{Xm,^) be the images of Mm by 
the projections Vm — > Tm, where m = 1,2. Note that we assumed Aim is 
one point. Let Vm,c be the complex part of Vm and Mr be the real part of 
V, and put 

V' = { [(l^i,c\{0}) X (y2,c\{0})] xr Mr} /SJ c V. 

We have the natural projection 

p:V^^V^/Sl = Vu-,xV2t,. 

Here t = (ti,t2) G '?' and V^', Vmtm are the fibers over t, tm- Note that M.x 
is included in M/. 

Since Lx^ satisfies the condition (*) in Proposition [TTl TVm are spin. 
We denote by F the restriction of (TVi x TV2) ©M to Miii x ¥212 and we fix a 
spin structure ap on F. The restriction of TV to V^ is naturally isomorphic 
to p*F. It is easy to see that V^ is simply connected. Hence ff^(M',^2) is 
trivial. This means that spin structures on the restriction of TV to V/ are 
unique (up to isomorphism). Therefore the restriction of the spin structure 
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ay to Vt is isomorphic to p*aF- Restricting the isomorphism to Mx, we get 
an isomorphism 

o"y|Mx —P*^f\mx- 
The map p is the projection from V^ to V^'/S'L Hence there is a natural hft 
of the S'^-action to p*(Jf- Therefore (Jy\Mx ^^ ^^^ s]i\n structure induced by 
the Sq-action. 

The proof that (Je\mx ^^ induced by the S^-action is similar. Put 

Em = {ym,c\{^}) Xr„ VmM) X51 Wm- 

Then E\yi is isomorphic to p*{Ei\y_^ ^ x -£'2|v2 1 )■ As before, we can show 
that the restriction aE \ yi is isomorphic to the pull-back of a spin structure 
on Ei\y^^ X E2\y^^ since H^{yl,'L2) is trivial. Therefore (Te\mx ^^ ^^^ 
spin structure induced by the /S^-action. I 

Let s be the section of E induced by / = /i x /2. Since / is 5^ x 5^- 
equivariant, s is 5g-equi variant. Recall that the spin structure on M.x is 
defined by a-y, ge and s. We have seen that these are compatible with the 
S'q -actions. Hence the spin structure on A^x is the spin structure induced 
by the Sg-action. So the spin cobordism class of Aix is non-trivial. 

We assumed that Mm consists of one point for all m. In general, the 
numbers #M.m of points in Aim are odd, since the Seiberg-Witten invariants 
are odd by the assumption and Remark [271 The quotient Mx = /~^(0)/S'^ 
is a union of copies of S^ and the number of components is just equal to the 
product 

{#Mi) ■ {#M2) 

of the numbers of elements of A4m- From the above discussion, the spin 
structure on each S^ is the Lie group spin structure. Therefore the spin 
cobordism class of Mx is non-trivial in $7^^*" = Z2. We have done the proof 
in the case where n = 2. 

The proof of the case n = 3 is similar. Let fm be finite dimensional 
approximations associated with Tx^ or —Tx^ for m = 1,2,3 and / be a 
finite dimensional approximation associated with Tx = #^=i(±rx„)- By 
Bauer's connected sum formula ([5]), we may assume that 

f = hxf2Xf3:V = ViXV2XV3^W = WiXW2XW3 

Hence / is T^ = 5"^ x 5"^ x S'^-equivariant. We write Mx for the quotient 
f~^{0)/S^, where S^ is the diagonal of T'^. Since fm^{0) are unions of copies 
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of 5\ 

TV 

Here A^ is the product 

(#A^i) • {#M2) ■ (#A^3) 

of the numbers of elements of Mm- The assumption that the Seiberg-Witten 
invariants are odd and Remark 1271 mean that A^ is odd. As in the case where 
n = 2, what we must show is that the spin structure on each torus is the Lie 
group spin structure. To prove this, we need to show the following lemma 
which is proved in the similar way to Lemma [29l Note that there are natural 
actions of T^ := T^/S] on TV, E. 

Lemma 30 The restrictions of the spin structures on TV, E induced by L 
to A4x are the spin structures induced by the natural T^ := T'^/S^- actions 

onTV\Mx' E\mx- 

We leave the detail of the proof of this lemma for the interested reader. 

Since / is T^-equivariant, the sections s of -E defined by / is T^- 
equivariant. The spin structures on TWx is defined by the spin structures 
on TV, E and the section s and these are compatible with the T^ -actions. 
Hence the spin structures on each component of TWx is the Lie group spin 
structure. Therefore the spin cobordism class of Mx is non-trivial by Fact 

We have done the proof of Theorem | 



In particular, Theorem 1261 implies the following result: 
Theorem 31 For m = 1,2, 3, let Xm be 
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a closed oriented almost complex ^-''^^''^'''fold with bi{Xm) = 0, 
h+{Xm) = 3 (mod 4) and SWx,r.{^xJ = 1 (mod 2), where Fx^ 
is a spin^ structure compatible with the almost complex structure, or 

• a closed oriented almost complex 4^-manifold with b'^{Xm) > 1, 
ci{Xm) = (mod 4) and SWxmi^x^) = 1 (mod 2), where Tx^ is a 
spin'^ structure compatible with the almost complex structure. 

Let X := #;;=iX„, here n = 2,3 and Tx = #;^=i(±Fx„). Here the 
signs it are arbitrary. Fix an orientation O on Tili^X) @'H'^{X) and choose 
a square root L o/dete(IndL'). Then A4 associated with the spin'^ structure 
Tx defines a non-trivial spin cobordism class: 

SW'P'''(Tx,L)^0£n'X-'l- 
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Proof. By Theorem 1261 it is sufficient to check that the conditions (j24p and 
([25]) hold for each Xm- 

When Xm is an almost complex 4-manifold with bi{Xm) = 0, h'^{Xm) = 
3 mod 4, dSl]), ([25]) hold clearly. 

Let Xm be an almost complex 4-manifold with ci{Xm) = mod 4. Since 
Xm is spin, it follows from Rochlin's theorem that the signature of Xm can 
be divided by 16. The numerical index of spin-c Dirac operators is given by 

c\{Xm) - T{Xm) 



Since cf (X^) and T{Xm) are divided by 16, the index is even. Hence Lemma 
[Ml implies that ()24p holds. Moreover it follows from the definition of ©*•' 
that ([25]) is satisfied. 

I 

We give examples of 4-manifolds which satisfy the conditions in Theorem 

Corollary 32 For m = 1,2, 3, let Xm be 

• a product Tig x S^ of oriented closed surfaces of odd genus g,h>\, or 

• a closed symplectic 4-'''n<^'nifold with bi{Xm) = and b^{Xm) = 
3 (mod 4), or 

• a primary Kodaira surface. 

Let Tx^ be the spin'^ structures on Xm induced by an almost complex struc- 
ture compatible with the symplectic structure. And let X be the connected 
sum X := ^m=i^m forn = 2, 3 and we denote by Tx a spin'^ structure on X 
defined by Tx = #^=i(±rx„)- Here the signs ± are arbitrary. Fix an ori- 
entation O on 7i^{X) (B'H^{X) and choose a square root L o/detc(IndL'). 
Then Ai associated with the spin'^ structure Tx defines a non-trivial spin 
cobordisni class: 

SW'P'''{Tx,L)^0€n'^X 

Proof. By Taubes's theorem in [74], SW{Tx^) is equal to ±1, in particular 
it is odd. 

Let Xm be S^ x S/^ with g, h odd. Then ci(£rx„) is 

2{g - l)a + 2{h - l)/3 G H\Xm] Z). 
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Here a, (3 are the generators of if^(Sg;Z), H'^{Tih\'L) respectively. Since g 
and h are odd, we have 

'=i(^r^™) = 0mod4. 

Hence [Xj^^V^) satisfies the second condition in Theorem 13 1[ 

Let Xm be a symplectic 4-manifold with 6+ > 1 with hi = 0, 6"*" = 

3 mod 4. Then [X^,'^ Xm) clearly satisfies the first condition in Theorem 

EH 

Let Xjn be a primary Kodaira surface. This is a symplectic 4-manifold 
with ci{Xm) = 0. Hence {Xm-, Lm) satisfies the second condition in Theorem 

ED 

I 

Here we give remarks on almost complex 4-manifolds with ci = 0, with 
b+ > 1 and with SW{Tx) = 1 mod 2. 

Remark 33 Let X be a closed oriented almost complex 4-manifold with 
vanishing first Chern class, with h'^{X) > 1 and with SW{Tx) = 1 mod 2. 
Then this satisfies the second condition in Theorem ED We are able to 
deduce that there are constraints to the Betti numbers of X as follows. The 
4-manifold X must be spin and satisfies c^(£rx) = 2x(^) + 3r(X) = 0. 
Rochlin's theorem tells us that the signature t{X) = b'^{X) — b~{X) oi X is 
divided by 16. Hence, t{X) = 16k holds for some integer k £ I^. Namely, we 
have b~{X) = b^{X) — 16k. By the direct computation, we have b~{X) = 
6+(X) — 16k. By the direct computation, we have = 2x{X) -\- 3t{X) = 

4 - Abi{X) + 56+ (X) -b-{X) =4- 46i(X) + 56+ (X) - (6+(X) - 16A;) = 
4(1 - bi{X) + b+ + 4/c). Hence we get 

bi{X) = l + b+ + Ak. (27) 

The assumption that SWx{l^x) = 1 mod 2 implies that b'^(X) < 3. In 
fact, Bauer [7] proved that SWMi^ivi) = (mod 2) for all almost complex 
4-manifolds M with vanishing first Chern class and with 6+(M) > 4 (cf. 
[SUES]). Since we assume that b+{X) > 1 and SWx^{Tx) = 1 (mod 2), 
we have b+{X) = 2 or b+{X) = 3. Notice also that t{X) = 16k < since 
b+{X) < 3. 

Suppose that b+{X) = 2. Then, ([27]) tells us that bi{X) =3 + Ak. Since 
k <0, we have bi{X) = 3 and k = 0. Equivalently, we have bi{X) = 3 and 
t{X) = 0. In particular, 6+(X) - 6i(X) = 2 - 3 = -1 = 3 (mod 4). 
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On the other hand, suppose that b'^{X) = 3. By ([27|) . we have bi{X) = 
4 + Ak. Since r(X) = 16A; < and bi(X) > 0, we have A: = or A; = -1. 
In the case of /c = 0, we have bi{X) = 4 and t{X) = 0. Hence we have 
b+{X) -bi{X) = 3 - 4 = -1 = 3 (mod 4). On the other hand, in the case 
of A; = —1, we have bi{X) = and t{X) = —16. 

We have proved that there are three cases. Indeed, we have 
{b+{X),bi{X),T{X)) = (2,3,0), (3,4,0), or (3,0,-16). A primary Kodaira 
surface is an example of the first case (2,3,0). A 4-torus is an example 
of the second case (3,4,0). A K3 surface is an example of the third case 
(3,0,-16). 

3.2 Non-vanishing theorem 

Proposition[T7]and Theorem [26] immediately imply the following result which 
is nothing but Theorem lAl 

Theorem 34 For m = 1,2,3, let X^ be a closed oriented alTnost complex 
4-manifold with 6+(Xm) > 1 and satisfying 

6+(X„)-6i(X„) = 3 (mod 4). 

Let Tx^ be a spin'^ structure on X^ which is induced by the almost complex 
structure and assume that SWx,ji{Txm) = 1 (mod 2). Under Definition\^ 
moreover assume that the following condition holds for each m: 

®'^(rx„) = 0mod2 forallij. 

Let X = #;^=iX„ and Tx = #;^=i(±rx„) for n = 2,3. Here the signs ± 
are arbitrary. Then the connected sum X has a non-trivial stable Seiberg- 
Witten invariant for the spin'^ structure Tx ■ 

Similarly, it is also clear that Proposition 1171 and Theorem 131 1 tell us that 
the following result holds, i.e.. Theorem [Bl 

Theorem 35 For m = 1,2, 3, let Xm be 

• a product Tig x S/j of oriented closed surfaces of odd genus h,g >!, or 

• a closed oriented almost complex ^-i^o-i^'i'fold with bi{X„i) = 0, 
b+{Xm) = 3 (mod 4) and SWx^{VxJ = 1 (mod 2), where Tx^ 
is a spin^ structure compatible with the almost complex structure, or 



36 



• a closed oriented almost complex 4-iTianifold with vanishing first Chern 
class, b+{Xm) > 1 and SWx^iTx^) = 1 (mod 2), where Tx,„ is a 
spin^ structure compatible with the almost complex structure. 

And let X = #;^^-^X„ and Fx = #m=i(±rx„) for n = 2, 3. Here the signs 
lb are arbitrary. Then a connected sum X has a non-trivial stable coho- 
motopy Seiberg- Witten invariant for the spin^ structure Tx ■ In particular, 
Conjecture in the case where i = 2 is true. 

Finally, Proposition [T7] and Corollary 1321 also imply 

Corollary 36 For m = 1,2,3, let Xm be 

• a product T,g x S/j of oriented closed surfaces of odd genus h,g > 1, or 

• a closed symplectic ^-'^o.nifold with bi{Xm) = and b^{Xm) = 
3 (mod 4), or 

• a primary Kodaira surface. 

Let Txm. ^6 ^^6 spin'^ structures on Xm induced by an almost complex struc- 
ture compatible with the symplectic structure. And let X = ^^^j^X^ and 
Tx = i^^m=ii^^Xm) foi^ n = 2,3. Here the signs it are arbitrary. Then 
the connected sum X has a non-trivial stable cohomotopy Seiberg-Witten 
invariant for the spin^ structure Tx ■ 



4 Various applications of Theorem \K 



In this section, we shall give various application of Theorem [Al and Theorem 



4.1 Decompositions and exotic smooth structures of con- 
nected sums of 4-manifolds 

We will give proofs of Theorem [C] and Theorem [Dj The key of the proofs is 
the following lemma: 

Lemma 37 Let Zi be closed, oriented, J^-manifolds with 6+ > for I = 
1,2,... and F/ be spin^ structures on Zi. Put Z = i^fLiZi, Tz '■= #iLi'^l 
for some N >0. Assume that the moduli space Ai^^^ig, rj) is not empty for 
all Riemannian metrics g and self-dual 2-forms t] on Z. Then the virtual 
dimension of Aip^ {g,r]) is larger than or equal to N — 1. 
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Proof. To simplify notations we consider the case A^ = 3. Take points 
zi £ Zi, Z2,Z2 £ Z2, Z3 £ Z3 and small open disks Di, D2,D'2, D3 centered 
at these points. We put 

Zi = {Zi\Di) U 53 X M>o, 

Z2 = S'^ X M<o U {Z2\D2 U D'2) U 5^ X M>o, 

Z3 = 53xM<0U(Z3\D4), 

and for each T > we define 

Zi{T) = Zi\S^ X [2r,oo) 

Z2{T) = Z2\{S^ X (-00, -2T) U S^ X [2r, 00)) 

Zi{T) = Z^\S^x (-00, -2r]. 

There is an identification 

c/^r : S^x (T, 2T) ^ S^ x {-2T, -T) 
{y,t) ^ (y,t-3T). 

Gluing Zi (T) , Z2 (T) , Z3 (T) by using ipT, we have a manifold Z{T) which 
is diffeomorphic to the connected sum Z = ^f^-^Zi. We take Riemannian 
metrics gi on Z; which coincide with gg3 + dt'^ on the ends. Here 553 is 
the standard metric on S^. These metrics naturally induce a Riemannian 
metric g{T) on Z{T). 

Let -Mf^ (gi,fji) be the moduli spaces of monopoles on Zi which converge 

to the trivial monopole on S"^ for all /. Here F/ are spin"^ structures on Zi 
induced by T/. Since b'^{Zi) > 0, we can choose self-dual 2-forms fji such that 
■Mf}^ {ghrii) contain no reducible monopoles and are smooth of the expected 
dimension or empty. Moreover we may suppose that the supports of f}/ do 
not intersect the ends of Zi. (See Proposition 4.4.1 in [57].) Extending 7)1 
trivially, we consider 7)1 as self-dual 2-forms on Z{T), and we get a self-dual 
2-form T?(T) := r/i + f/2 + fj^ on Z{T). Then we have 

3 

dim M^Y(9{T),v{T)) = J^ dim Mf^ {gi,fii) + 2. (28) 

1=1 

Here dimA^p (g((r),r/(r)), dim. Ad? {gi,fji) are the virtual dimensions of 
the moduli spaces. This is derived from the excision principle of index of 
elliptic differential operators. We can also see this from the theory of gluing 
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of iTLonopoles. For large T, coordinates of Mf {g{T),r]{T)) are given by 
coordinates of Mf}^{gi,r]i) and gluing parameters. Since Z(T) has two 
necks, the space of gluing parameters is U{1) x C/(l) and it is 2-dimensional. 
Hence we have the formula (j28p . 

Let {T°'}'^=i be a sequence of positive numbers which diverges to infinity. 
By the assumption, A^p(^(r°), r/(T")) are non-empty. Hence we can take 
elements [(/>", A"] G A^p^(g(T°),r/(T°)) for all a. There is a subsequence 
{[4>°'',A°'']}a' which converges to some {[(t)'f,Af],[4>f,Af],[(t)f,Af]) G 
MfYiauVi) X MfY{92,ri2) X Mf^{h,m)- In particular, A^?^(ffl,r/i) are 
non-empty. Since -M^^ iguVi) ^'^^ non-empty and smooth of the expected 
dimension, their virtual dimensions are at least zero. From (j28p . we have 

dimA^^f(5(T),r/(r))>2. 

The virtual dimension of A^p (5,^) is independent of g,r], so we have 
obtained the required result. The proof for the general case is similar. I 

We restate Theorem ICl here. 

Theorem 38 Let Xm be closed symplectic -^-manifolds with ci{Xm) = 
(mod 4) for m = 1,2,3, and X be a connected sum #J^=i^m; where 
n = 2,3. Then X can not be written as a connected sum #^^iYm with 
b^(Ym) > and with N > n. 



Proof. It follows from Theorem IB] that Mj}^ {g,ri) are non-empty for all 
g, rj. Here Tx is the connected sum of the spin'^ structures Fx^ of Xm 
induced by the almost complex structures. Suppose that X has a decom- 
position X = #m=i'^rn with b'^ {Ym) > and N > n. Then Lemma [37] 
implies 

dim M^'^{g,ri) > N - 1. 

On the other hand, the dimension of A^p^(5, 77) is n — 1. Therefore we 
have N < n. Since we assumed that N > n, this is a contradiction. I 

Next we show Theorem [Dl More precisely we prove the following. 

Theorem 39 Let X be a closed, simply connected, non-spin, symplectic 4- 
manifold with b^ = 3 mod 4. We denote b'^{X), b~{X) by p, q, and put 
Y = pCF'^^qCF . Let Xm be almost complex 4-'manifolds which have the 
properties in Theorem\^ for m = 1,2, and let X' be Xi or the connected 
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sum #m=i-^rn- Then the connected sum X^X' is homeomorphic to Y#X' , 
but not diffeomorphic to Y^X' . 

Proof. First we show that X^X' is homeomorphic to Y^X'. Let Qx be 
the intersection form on H2{X, Z). If g is zero, by Donaldson's theorem [12j . 
Qx is isomorphic to the intersection form of y = pCP^. If q is not zero, 
then Qx is an odd, indefinite, unimodular form. In general, an odd, indef- 
inite, unimodular form is diagonalizable. (See, for example, |73).) Hence 
Qx is isomorphic to the intersection form of y = pCF'^^qCF . Therefore 
X is homeomorphic to Y by Preedman's theorem [15], and so X^X' is 
homeomorphic to Y^X'. 

Next we prove that X^X' is not diffeomorphic to Y^X' . Let F be the 
spin*^ structure on X#X' induced by almost complex structures on X, Xj^. 
Then the dimension of moduli space associated with F is 1 or 2 and it follows 
from Theorem \K\ that M.^^ {g,ri) is non-empty for any g,rj. 

On the other hand, by the assumption that h'^{X) = 3 mod 4, Y is the 
connected sum pCP^^gCP with p > 3. Hence we can write Y^X' as 
#Ui^i with 6+(^/) > 0. Suppose that X#X' is diffeomorphic to y#X'. 
Then it follows from Lemma [37] that the dimension of the moduli space 
Alp (51,77) is at least 3. Hence we have a contradiction since the dimension 
of the moduli space is 1 or 2. 



4.2 Adjunction inequality 

Let Xj , X be as in Theorem [1] Then the non- vanishing result of the sta- 
ble cohomotopy Seiberg-Witten invariants for X implies that the Seiberg- 
Witten equations on X have solutions for any Riemannian metrics and per- 
turbations (see also subsection 14.31 below) . Hence we are able to apply the 
arguments of Kronheimer-Mrowka [37] to X and we obtain an estimate for 
the genus of embedded surfaces in X as a corollary of Bauer's non-vanishing 
theorem: 

Corollary 40 Let Xi and X he as in Theorem [7] and let Txi be a spin^ 
structure on Xi induced by the complex structure. Let Tx be a spin*^ structure 
on X defined by Tx = #"=;^(±Fx.).i7ere n = 2,3 and the signs ± are 
arbitrary. Assum,e that S is an embedded surface in X with [S] • [S] > and 
g'(S) > 0, where g{T,) is the genus ofT,. Then, 

[S].[S]-(ci(£r;,),[S])<25(S)-2. 
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The above inequality is called adjunction inequality. Notice that we 
assume that 61 (Xj) = 0. In the case where 61 7^ 0, Theorem [X] implies the 
following result: 

Theorem 41 Let X^ and X he as in Theorem [3] and let Tx^ ^e a spin^ 
structure on X^^ induced by the complex structure. Let Tx be a spin^ struc- 
ture on X defined by Tx = #J^=i(±rx^)- Here n = 2,3 and the signs ± 
are arbitrary. Assume that S is an embedded surface in X with [S] • [S] > 
and g{T,) > 0. Then, 

[S].[S]-(ci(£r;,),[S])<25(S)-2. 

See also flTl [181 EQl EZ] for related results. In particular, we notice that 
Theorem 1411 never follow form adjunction inequalities proved in |17 t 118 1 120 1 
[67]. 

By Theorem [41] and Corollary 1361 we obtain 

Corollary 42 Form = l, 2, 3, let Xm be 

• a product T,h x T,g of oriented closed surfaces of odd genus h,g > 1, or 

• a closed symplectic ^-manifold with hi{Xm) = and 6+(Xj) = 3 (mod 
4), or 

• a primary Kodaira surface. 

let Txm ^e a spin^ structure on Xm induced by the complex structure. Let 
Tx be a spin^ structure on X defined by Tx = iF^=i{'^^ x^) ■ Here n = 2,3 
and the signs it are arbitrary. Assume that S is an embedded surface in X 
with [E] • [S] > and g{T.) > 0. Then, 

p].[S]-(ci(£r;,),P])<25(S)-2. 

4.3 Monopole classes and curvature bounds 

In this subsection, for the convenience of the reader, following a recent beau- 
tiful article [l6] of LeBrun, we shall recall firstly curvature estimates arising 
Seiberg-Witten monopole equations in terms of the convex hull of the set 
of all monopole classes on 4-manifolds. We shall use these estimates in the 
rest of this article. The main results in this subsection are Theorems 1531 and 
[5il below. 

First of all, let us recall the definition of monopole class [361 SSI 
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Definition 43 Let X be a closed oriented smooth 4-nianifold with b'^{X) > 
2. An element a G i7^(X,Z) /torsion C -ff'^(X, M) is called monopole class 
of X if there exists a spin*^ structure Tx with 

c«(£r,) = a 

which has the property that the corresponding Seiberg-Witten monopole 
equations have a solution for every Riemannian metric on X. Here c^(£rx) 
is the image of the first Chern class ci {Ctx ) of the complex line bundle Crx 
in H'^(X,'M.). We shall denote the set of all monopole classes on X by ^{X). 

Crucial properties of the set ^{X) are summarized as follow |461I28]: 

Proposition 44 ( [46] ) Let X be a closed oriented smooth ^-'n^CL'nifold with 
h+{X) > 2. Then (L{X) is a finite set. Moreover (2:(X) = -C:(X) holds, 
i.e., a G H'^{X,'K) is a monopole class if and only if —a G H'^{X,'M.) is a 
monopole class, too. 

Recall that, for any subset W of a real vector space V, one can consider 
the convex hull Hull(l^) C V, meaning the smallest convex subset of V 
containing W. Then, Proposition 1441 implies 

Proposition 45 ([46j) Let X be a closed oriented smooth 4^-manifold with 
b+{X) > 2. Then the convex hull UuU{<t{X)) C H'^{X,'R) of <t{X) is 
compact, and symmetric, i.e., Hull(C(X)) = — Hull(C^(X)). 

Since *t{X) is a finite set, we are able to write as ^{X) = {ai, 02, • • • , an}- 
The convex hull Hull(e^(X)) is then expressed as follows: 

n n 

Hull(e:(X)) = {J^t^a, I t, G [0,1], Y^ti = 1}. (29) 

Notice that the symmetric property tells us that Hull((J^(X)) contains the 
zero element. On the other hand, consider the following self-intersection 
function: 

Q: i?^(X,M) ^M 

which is defined by x 1-^ x^ := (x U x, [X]), where [X] is the fundamental 
class of X. Since this function Q is a polynomial function and hence is a con- 
tinuous function on H'^{X,M). We can therefore conclude that the restric- 
tion Q|hu11(c(x)) to the compact subset Hull(C^(X)) of H'^{X,M) achieves 
its maximum. Then we introduce 
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Definition 46 ( [46| ) Suppose that X is a closed oriented smooth 4- 
manifold with b+{X) > 2. Let Hull((j:(X)) C H^{X,R) be the convex 
huh of the set ^(X) of all nionopole classes on X. If ^{X) ^ 0, define 

f3^{X) := max{Q(x) := x^ \ x e Hull(e:(X))}. 

On the other hand, if ^{X) = holds, define simply as /3^(X) := 0. 

Notice again that Hull(C(X)) contains the zero element if ^{X) is not 
empty. Hence the above definition with this fact implies that /3^(X) > 
holds. 

The existence of the monopole classes gives a constraint on the existence 
of Riemannian metrics of some type: 

Proposition 47 ([46]) Let X be a closed oriented smooth 4.-manifold with 
6+(X) > 2. If there is a non-zero nionopole class a E H'^{X,W) — {0}, then 
X cannot admit Riemannian metric g of scalar curvature Sg >0. 

On the other hand, it is also known that the existence of monopole classes 
implies the following family of integral inequalities: 

Theorem 48 ( |46] ) Suppose that X is a closed oriented smooth ^-manifold 
with h'^{X) > 2. Then any Riemannian metric g on X satisfies the following 
curvature estimates: 



f sldfig>32TT^(3\X), 



6\W;\fdfig>727:^/3\X), 

where Sg and W^ denote respectively the scalar curvature and the self-dual 
Weyl curvature of g. If X has a non-zero monopole class and, moreover, 
equality occurs in either the first or the second estimate if and only if g is a 
Kdhler- Einstein metric with negative scalar curvature. 

Notice that if X has no monopole class, we define as fP'{X) := (see Defi- 
nition [46] above). On the other hand, notice also that the left-hand side of 
these two curvature estimates in Theorem 1481 is always non-negative. There- 
fore the result of Theorem 1481 holds trivially when X has no monopole class. 
Thus, the main problem is to detect the existence of monopole classes. It 
is known that the non-triviality of the stable cohomotopy Seiberg-Witten 
invariant implies the existence of monopole classes: 
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Proposition 49 ( |28] ) Let X be a closed oriented smooth 4^-manifold with 
b'^[X) > 2 and a spin^ structure Fx- Suppose that BFx{Tx) is non-trivial. 
Then cf{Crx) ^-^ ^ monopole class. 



On the other hand, it is also known that the Bauer's connected sum formula 
[5] implies 

Proposition 50 ( |28|, |6]) Let X be a closed oriented smooth .^-manifold 
with b'^{X) > 2 and a spin^ structure Tx- Suppose that BFx{Tx) is non- 
trivial. Let N be a closed oriented smooth 4^-manifold with b~^{N) = and 
let T]\f be any spin'^ structure on N with cf(£rjv) — —b2{N). Then the 
stable cohomotopy Seiberg-Witten invariant is also non-trivial for the spin^ 
structure Txi^'i^N on the connected sum X^N . 

Theorem 1341 with Propositions 1491 and 1501 tells us that the following holds 
(cf. Proposition 10 in [28]): 

Theorem 51 Let Xm be as in Theorem^S^ and suppose that N is a closed 
oriented smooth 4-manifold with b~^{N) = and let Ei,E2, ■ ■ ■ , E^ be a set 
of generators for H'^ {N , Z) /torsion relative to which the intersection form 
is diagonal. (We can take such generators by Donaldson's theorem IJB^.) 
Then, for any n = 2,3, 

n k 

J2^ci{X^) + Y,^Er (30) 

771=1 r=l 

is a monopole class of M := i#m=i-^m)i^^j where ci{Xm) is the first 
Chern class of the canonical bundle of the almost- complex 4-innanifold Xm 
and the it signs are arbitrary, and are independent of one another. 

As a corollary of Theorem [STl we are able to get 

Corollary 52 Let Xm, N and M be as in Theorem\5l\ above. Then, for 
any n = 2,3, 

n 
P\M) > Y, c?(^m). (31) 

m=l 

Proof. First of all, by the very definition, we have 

f3^{M) := max{Q(x) := x^ \ x e Hull(e:(M))}. 
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On the other hand, by ([30]) . we particularly have the following two monopole 
classes of M: 



ai ■■= Y^ Ci{Xm) + Yl ^r, 02 := Y ci(^m) -Y^' 



k 



m=l r=l m=l r=l 

By (|29p . we are able to conclude that 



1 1 

Y ci(X„) = -ai + -02 G Hu11((J:(M)). 



2 2 

m=l 



We therefore obtain the desired bound: 

n r, n 



mj- 
m=l 771=1 



Theorem 1481 and Corollary 1521 imply an important result for our purpose: 

Theorem 53 Let X^ he as in Theorem\3^ and suppose that N is a closed 
oriented smooth 4-'nT'0''n'ifold with b'^{N) = 0. Consider a connected sum 

M := (#m=i^m)#-^) where n = 2,3. Then any Riemannian m,etric g on 
M satisfies the following curvature estimates: 

/n 
s^dfig > 327r2 Y cliXra), (32) 

^^ m=l 



/2 "^ 

(Sg - VG\W+\) dflg > 72^2 Y- ^2(^X„ 



(33) 



On the other hand, recall that, for any closed oriented Riemannian 4- 
manifold (X,g), we have the following Gauss-Bonnet- type formula [251 El 
[75]: 

2x(X) +3r(X) = 2_I^^2\W;\' + ^ - ^-^)dng, (34) 
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where W^ is the self-dual part of the Weyl curvature of g and Vg is the 
trace- free part of the Ricci curvature r„ of g. We also have 



+ |r„ I ]dfi„. 



X J x^ ^ 

We therefore have the following equality for any Riemannian metric g on X: 

2 

j \rfdfig = j [^+4\W^\^yfig-87T^(2xiX) + 3riX)y (35) 

On the other hand, the Cauchy-Schwarz and triangle inequalities |45j tell us 
that the following inequality holds: 

^{i+MW^\')df^9>gJ ^^{'9-^\W^\) dl^9- (36) 

By using (133]) . ([351) and (f36]l . we are able to prove 

Theorem 54 Let Xm be as in Theorem\3^ and suppose that N is a closed 
oriented smooth 4^-manifold with b'^{N) = 0. Consider a connected sum 

M := i#^=iXjn)i^N, where n = 2,3. Then any Riemannian metric g on 

M satisfies 



M 



rgl^dfig > Svr^ 4n - (2x(iV) + 3r(iV)) + ^ c?(X, 



(37) 



m=l 



Proof. A direct computation tells us that 

n 

2x{M) + 3r(M) = -An + (2x{N) + 3r(iV)) + ^ (2x{X^) + 3t{X^) 

m=l 

n 

= -An+(2x{N) + 3T{N)) + Y,cl{Xm). 



m=l 



This formula, (|35p and (|36|) imply 



\rg\^d^lg > If (sg-VelWg^lYdflg 



Svr^ 



4n + (2x{N) + 3r(Af)) + ^ c?(X„ 



m=l 
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By this bound and ([33]) . we have 

n 

+ Svr^ [4n - (2x{N) + 3r(iV)) - ^ c2(X„ 

m=l 

This immediately imphes the desired bound. I 

4.4 Computation of several differential geometric invariants 

In this section, we shah compute the values of several differential geometric 
invariants. The main results in this subsection are Theorems iGl and iHl stated 
below. 

As one of interesting differential geometric invariants, there exists a nat- 
ural diffeomorphism invariant arising from a variational problem for the 
total scalar curvature of Riemannian metrics on a closed oriented Rieman- 
nian manifold X of dimension n > 3. As was conjectured by Yamabe 
[80] . and later proved by Trudinger, Aubin, and Schoen O [471 EH l77] . 
every conformal class on a smooth compact manifold contains a Rieman- 
nian metric of constant scalar curvature. Hence, for each conformal class 
[9] — {'^5 \ V : X ^ ^~^}, we are able to consider an associated number Yr^i, 
which is so called Yamabe constant of the conformal class [g] and defined 

by 



Y[g] = inf 



Jx ^h dflh 



where Sh is the scalar curvature of the metric h and dfih is the volume form 
with respect to the metric h. The Trudinger- Aubin-Schoen theorem tells 
us that this number is actually realized as the constant scalar curvature of 
some unit volume metric in the conformal class [g]. Then, Kobayashi [32] 
and Schoen [72] independently introduced the following interesting invariant 
of X: 

K^)=supy[,], 

c 

where C is the set of all conformal classes on X. This is now commonly 
known as the Yamabe invariant of X. It is known that y{X) < if and 
only if X does not admit a metric of positive scalar curvature. 

47 



The Yamabe invariant y{X) is closely related with the diffeomorphism 
invariant defined [9l dS] by 

IsiX):= inf / Isg^/^dfig, (38) 

where the space of all Rieniannian metrics on X is denoted by TZx- It is 
known that the invariant Is vanishes for every simply connected n-manifold 
with n > 5. Moreover, for every closed n-manifold with n > 3 admitting 
non-negative scalar curvature i.e., y{X) > 0, we have the following 



IsiX) = 0. (39) 

On the other hand. Proposition 12 in [28] tells us that the following equality 
holds whenever y{X) < 0: 

Ux) = \y{x)r/\ (40) 

Hence, the invariant Is{X) of a closed 4-manifold X with y{X) < is just 

UX) = \y{X)\^= inf / s^dt^g. (41) 

geUx J X 

On the other hand, consider the following quantity: 

1C{X):= sup ( {mm Sg){volgT''^\ (42) 






where volg = f -^dfig is the total volume with respect to g. Kobayashi [32j 
pointed out that the following equality holds whenever y{X) < 0: 

}C{X) = y{X). (43) 



It is now clear that the scalar curvature bound (|32p in Theorem 1531 (J4T 
and (H3]) imply 

Proposition 55 Let X^, X and M he as in Theorem \53[ Then, for n = 
2,3, 

n 

Is{M) = \y{M)\^ = |/C(M)|2 > 327r2 ^ c?(X„). 

m=l 
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Proof. Notice that there is nothing to prove when "^^=1 '^li-^rn) < 0. 
Hence we may assume that Ylm=i '^li-^m) > 0. Then the connected sum M 
has non-zero monopole classes by Theorem [5TJ This fact and Proposition 
H71 force that the connected sum M cannot admit any Riemannian metric 
g of scalar curvature Sg > 0. Thanks to a result of Kobayashi ^^, it is 
known that, for any closed n-manifold X with n > 3 has yiX) > if and 
only if X admits a metric of positive scalar curvature. Hence, we are able 
to conclude that the connected sum M in question must satisfy y{M) < 0. 
This fact, (f32]) in Theorem [53l (jH]) and (P3|) imply the desired result: I 

On the other hand, Proposition 13 in }28j tells us that 

Is{X#Y)<Is{X)+Is{Y), (44) 

where X and Y are any closed smooth manifolds with n > 3. Proposition l55l 
(j39p and (|44p imply the following result which can be seen as a generalization 
of both Theorems A and B in [2$J to the case where 6i 7^ 0: 

Theorem G Let N be a closed oriented smooth ^-manifold with b'^{N) = 
and with a Riemannian metric of non-negative scalar curvature. For m = 
1,2,3, let Xm be a minimal Kdhler surface with b'^{Xm) > 1 and satisfying 

6+(X^)-6i(X„) = 3 (mod 4). 

Let Tx^ be a spin'^ structure on X^ which is induced by the Kdhler structure. 
Under Definition\^ moreover assume that the following condition holds for 
each m: 

S*^ i^Xm ) = mod 2 for all i, j. 
Then, for n = 2,3, a connected sum M := {jf'^^]^Xm)H^N satisfies 

n 

Is{M) = \y{M)\^ = |/C(M)|2 = 327r2 ^ c?(X„). (45) 

m=l 

In particular, the Yamabe invariant of M is given by 



y{M) = -47T 2 Y, c?(^« 

\ m=l 
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Proof. First of all, notice that we have 

Is{N) = (46) 

by the assumption that A^ admits a metric of non-negative scalar curvature 
and (j39p . Moreover, LeBrun [42 ^ I43 j showed that, for any minimal compact 
Kahler surface X with 6^(X) > 1, the following holds: 

UX) = \y{X)\' = \}C{X)\' = 327r^ci{X) 

This fact with the bounds (j46p and (j44p implies that 

n 

UM) = |J(M)|2 = |/C(M)|2 < 327r2 ^ c?(X„). 

m=l 

Proposition [55] with this bound tells us that the desired equality holds as 
promised. I 

On the other hand, instead of scalar curvature, it is so natural to consider 
the following Ricci curvature version of (j38p : 



IriX):= inf / \rgr/^d^ig. (47) 

Here r^ is again the Ricci curvature of g. It is known [55] that there is the 
following relation between ()38p and (j47p : 

X,(X) > n-^/%{X), (48) 

and that equality holds if the Yamabe invariant is both non-positive and re- 
alized by an Einstein metric. The failure of the equality gives a quantitative 
obstruction to Yamabe's program for finding Einstein metrics. Therefore, 
it is quite interesting to investigate when the above inequality (08]) becomes 
strict. 

By using Theorem [53] and the same method with the proof of Theorem 
C in [28j . we are able to obtain the following interesting result: 

Theorem H Let N be a closed oriented smooth 4-fnanifold with anti-self- 
dual metric of positive scalar curvature. Form = 1, 2, 3, let Xm be a minimal 
Kahler surface as in Theorem\^ Then, for any n = 2, 3, a connected sum 
M := {#^^^Xrn)#N satisfies 

n 

Ir{M) = 8^2 Un - (2x{N) + 3r(iV)) + ^ cj{Xm)\ ■ (49) 



m=l 
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We leave, as an exercise, the detail of the proof of Theorem |H] for the 
interested reader. Use Theorem 1541 and the strategy of the proof of Theorem 
C in [28]. We also notice that Theorem [Hi in the case where bi{Xm) 7^ 
never follows from Theorem C in [28] . 

The above hypotheses regarding A^ and Proposition 1 in [40j force that 
6+(iV) = 0. Hence we have 

2x(iV) + 3T(iV) = 4 - 46i (N) + 56+ [N) - ft- (AT) = 4 - 46i {N) - b' (iV) < 4. 

By this fact, (j45p and (|49p . we are able to conclude that the strict inequality 
holds whenever n = 2,3: 

X,(M) > ^Js(M). 

Hence, the Yamabe sup-inf on this connected sums never realized by an 
Einstein metric. 

On the other hand, since the connected sum kCP i^i{S^ x 5'^) admits 
anti-self-dual metrics of positive scalar curvature [29^ |4T] , Theorem JH] par- 
ticularly implies 

Corollary 56 Let Xm be a minimal Kdhler surface as in Theorem^^ Then, 
for any n = 2,2>, and any integers k,i >0, 

n 

X,((#:;=iX„,)#A:CP'#^(5i X ^3)) = 87r2 [a: + 4(n + £ - 1) + ^ cJiXr, 

m=l 

4.5 Invariant arising from a variant of Perelman's JF- 
functional 

The main results of this subsection are Theorem 1651 and Theorem 1661 below. 
Theorem [66] is nothing but Theorem [El stated in Introduction. 

Let us start with recalling the definition of Pelerman's .F-functional [<o'6\ 
[MllBlj. Let X be a closed oriented Riemannian manifold of dimension n > 3 
and g be any Riemannian metric on X. We shall denote the space of all 
Riemannian metrics on X by TZx and the space of all C°° functions on X 
by C°°{X). Then, the ^-functional which was introduced by Perelman [63j 
is the following functional J^ : TZx x C°°{X) —>■ M defined by 

H9J)--= I {sg + \Vf\^)e-fdfig, (50) 

J X 
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where / G C°°{X), Sg is the scalar curvature and dfig is the volume measure 
with respect to g. One of the fundamental discovery of Perelman is that 
the Ricci flow can be viewed as the gradient flow of ^-functional. Moreover 
the .7^- functional is nondecreasing under the following coupled version of the 
Ricci flow: 

^5 = -2Ricg, ^/ = -A/ - . + \Vff, (51) 

where Ricg is the Ricci curvature and s is the scalar curvature of the eval- 
uating metric. It is then known that, for a given metric g, there exists a 
unique minimizer of the .F-functional under the constraint J ■^e~^ dfig = 1. 
Hence it is so natural to consider the following functional A : TZx — >■ K which 
is so called Perelman A-functional: 



X{g):=\ni{J^{gJ) \ [ e^^d^^ = 1}. 



It turns out that X{g) is nothing but the least eigenvalue of the elliptic op- 
erator 4Ag + Sg, where A = d*d = —V • V is the positive-spectrum Laplace- 
Beltrami operator associated with g. The nondecreasing of the .F-functional 
implies the nondecreasing of A-functional. This also has a fundamental im- 
portance. In fact, Perelman used this fact to prove the non-existence of non- 
trivial steady and expanding Ricci breathers. Now, following Perelman, let 
us consider the scale- invariant quantity X{g){volg)'^'"', where volg := f j^dfj.g. 
Then let us recall 

Definition 57 ([63l I64|, 131] ) Perelman's A invariant of X is defined to be 

A(X) = sup A(5)M9)'/". 
gelZx 

It turns our that, for any X which dose not admit positive scalar curvature 
metric, A(X) = y{X) always holds [1], where y{X) is the Yamabe invariant 
of X. 

In this subsection, inspired by recent interesting works of Cao [10] and Li 
[48], we would like to introduce one parameter family Afc of smooth invari- 
ants, where A; G R. We shall call this invariant A^ invariant. In particular, A^ 
invariant includes Perelman's A invariant as a special case. Indeed, Ai = A 
holds as we shall see below. 

We shall start with introducing the following definition which is essen- 
tially due to Li [38]. The definition in the case where k > 1 is nothing 
but Definition 41 in [l8]. We notice that the following definition was also 
appeared as the equality (8) in [6T] : 
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Definition 58 ([48l 161] ) Let X be a closed oriented Riemannian manifold 
with dimension > 3. Then, we define the following variant J-^ '■ TZx x 
C°°{X) ^ R of the Perelman's J^-functional: 

H{gJ)-=j {ksg + \Vff)e-fd^lg, (52) 

where /c is a real number A; G M. We shall call this JF^-functional. 

Notice that ^i-functional is nothing but Perelman's ^-functional (j50p . Li 
[48j showed that all functionals Tk with A; > 1 have the monotonicity prop- 
erties under the coupled system ([ST]) . 

Remark 59 It is not clear, at least for the present authors, that if these 
^fc-functional have the monotonicity properties under the coupled system 
()5ip in the case where A: < 1. In fact, the proof of Li [48] breaks down in 
the case where A; < 1. See the proof of Theorem 42 in [48j- 

As was already mentioned in [48^ [3T] essentially, for a given metric g 
and A; E M, there exists a unique minimizer of the ^^-functional under the 
constraint j ■^e~^ d^g = 1. In fact, by using a direct method of the elliptic 
regularity theory |22j, one can see that the following infimum is always 
attained: 



K9)k-='vcd {Tk{gJ)\ I e fd^g = l}. 
f J X 



Notice that X{g)k is nothing but the least eigenvalue of the elliptic operator 
4Ag + ksg. It is then natural to introduce the following quantity: 

Definition 60 For any real number A: G M, the Xk invariant of X is defined 
to be 

XkiX) = sup A(5)fcMg)2/-. 

It is clear that Ai = A holds. The Xk invariant is also closely related to the 
Yamabe invariant. Indeed, we shall prove the following result which can be 
seen as a generalization of Theorem A proved in [l] : 

Proposition 61 Suppose that X is a smooth closed n-manifold, n > 3. 
Then the following holds: 



Afc(X) 



ikyiX) ifyiX)<0 andk>^, 
j+oo ify{X)>0 andk>0. 
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Let us include the proof of Proposition [6T] for completeness and for the 
reader's convenience. 

Suppose now that X is a closed oriented Riemannian manifold of di- 
mension n > 3, and moreover that 7 := [g\ = {ug \ u : X ^ M+} is 
the conformal class of an arbitrary metric g. As was already mentioned, 
Trudinger, Aubin, and Schoen [21 [Ul [7T1 [77] proved every conformal class 
on X contains a Riemannian metric of constant scalar curvature. Such a 
metric g can be constructed by minimizing the Einstein-Hilbert functional: 



ilx^f^g)' 



among all metrics conformal to g. Notice that, by setting g = u^'^"^ '^'g, the 
following identity holds: 



J^s^dii^ _/x[«3^' + 4^|V^^I 



dUn 



ifxdf^^)^ (/^nW(n-2)^^^) 



(n-2)/n 



Associated to each conformal class 7 := [g], we are also able to define the 
Yamabe constant of the conformal class 7 in the following way: 



n = inf 



Ix ^X + 4^|Vnp rfM: 



"^ uGC°^(X) IC „.2n/fn-21J,, ^("-2)/'^ 



(X) (/_^n2"/{n-2)^^^)i 



(53) 



where C'^{X) is the set of all positive functions n : X — > M"*". Trudinger- 
Aubin-Schoen theorem teaches us that this number is actually realized as 
the constant scalar curvature of some unit-volume metric in each conformal 
class 7. A constant-scalar-curvature metric of this type is called a Yamabe 
minimizer. Again, the Yamabe invariant [321 [72] of X is then given by 

y{X)=svivY^, (54) 

where C is the set of all conformal classes on X. 

We are now in a position to prove the following lemma. We shall use the 
following to prove Proposition [61) 

Lemma 62 Suppose that ^ is a conformal class on a closed oriented Rie- 
mannian manifold X of dimension n > 3, which does not contain a metric 
of positive scalar curvature, i.e., Y^ <0. Then 

Y^ = l(snpXigUvolgfA, (55) 
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where k is a real number satisfying k > ^^ . 



Proof. Let <? G 7, and let g = u^'^"^ "^'g be the Yamabe minimizer in 7. By 
(j53p and the hypothesis that ICj, < 0, we have 



0> K, 



/; 



X 



sy + A^^\Vu\ 



d^g 



(J^^2n/(n-2)^^^) 



(n-2)/n 



Namely, 



0> 



X 



2 ."--!■ 

sy + A — - 

n — 2 



iVul' 



djjLg =Y^{ I u 



2n/(n-2) 



X 



djJ-g 



(n-2)/n 



• (56) 



On the other hand, the eigenvalue X{g)k can be expressed in terms of Raleigh 
quotient as 



X{g)k = inf 

u£C^{X) 



J^ [ksgu'^ + 4|Vnp] dfj.g 

IX ^'^dllg 



Thus 



\{g)k / U^d^ig < / [kSgU^ + 4|V'U|2] dflg = kU 



SgU-" + 4-|Vu| 
k 



dfi. 



< k 



X 



SnU^ + 4- 



n — 1 1 

n-2' 



Vnl 



d^g , 



where we used the hypothesis that fc > ^^, i.e., ^ < ^^. This bound and 
(1561) tells us that 



Xig)k J^n^dfig < kY^[ I u'^'^^-^'dfig 



,2n/(n-2). 



(n-2)/n 



where notice that, since Ky < 0, the last step is an the application of the 
Holder inequality 

J fif2dfi<n'\f,\Pdf?j " y \f2\'df?j \ ^ + ^ = 1' 



55 



with /i = 1, /2 = n^, p = n/2, and q = n/{n — 2). Moreover, equality holds 
precisely when u is constant, namely, precisely when g has constant scalar 
curvature. Since we shows that 

\K9)k{volgf''' < Y^ 

for every g £ j, and since equality occurs if g is the Yamabe minimizer, it 
follows that 



K, = ^(supA(5)fcM,)2/"). 
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The proof of Lemma [62] tells us that, under 3^(X) < and any real num- 
ber k > ^^5i) each constant scalar curvature metric maximizes ^Afc(uol)^'"' 
in its conformal class. Given any maximizing sequence gi for ^Afc(uol)^'"', 
we may construct a new maximizing sequence g^ consisting of unit volume 
constant scalar curvature metrics by conformal rescaling. However, for any 
such sequence, the constant number Sg. is viewed either as {^[g,]} or as 

{^\{gi)k{vol)g^}. Therefore, we are able to conclude that the suprema 
over the space of all Riemannian metrics of Yr^i and ■^\{gk{vol)g must coin- 
cide, namely, y{X) = |Afe(X) must holds in this case, i.e., ky{X) = \k{X). 
Therefore, it is enough to prove the following lemma in order to prove Propo- 
sition ED 

Lemma 63 Ify{X) > 0, then Xk{X) = -|-oo for any positive real number 
k>0. 

Proof. Given such a manifold X with y{X) > and any smooth non- 
constant function f : X ^ M, Kobayashi [32] has shown that there exists a 
unit- volume metric g on M with Sg = f. The claim of this lemma follows 
from this result of Kobayashi. First of all, for any sufficiently large positive 
constant L, take a smooth non-constant function / : X — > M such that 
miiia; f > L- Then the above result of Kobayashi tells us that there is a 
metric g on M with Sg = f and volg = 1. Notice that min^,. Sg = min^. f > L 
holds. For this metric g, the eigenvalue \{g)k can be expressed in terms of 
Raleigh quotient as 

inf k[ksy+^Wu?]d,g _ 
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On the other hand, we have 



\ •J ^\ ^ ' ^ \ J yi ^ — ^/ '9 



A;(niinsg) = A;(min/) 



k{mm^ Sg)J^u^dfig 



> kL. 
This bound and ([57|) imply that 

A(5)fc > kL. 
Since volg = 1, this bound tells us the following holds: 

~Xk{X) := snpX{g)k{volgr/^ > sup \{g)k{volgr/^ > kL. 

g g,volg=l 

Therefore, we obtain 

Afc(X) > kL. 
Thus, taking L — > +00, Xk{X) = +00 holds for any A; > 0. I 

We therefore proved Proposition 1611 

Remark 64 Notice that the Yamabe invariant of any closed smooth mani- 
fold is always finite. For example, it is known that 3^(CP^) = 127rv2 holds. 
On the other hand. Lemma [63] tells us that Afc(CP^) = +00 holds for any 
A; >0. 

In particular, (HDD, (03]) and Proposition [UI] tell us that the following 
result holds, where notice that any manifold M which dose not admit any 
Riemannian metric of positive scalar curvature must satisfy y{M) < 0: 

Theorem 65 Let X be a smooth compact n-m,anifold with n > 3 and as- 
sum,e that X dose not admit any Riemannian metric of positive scalar cur- 
vature. Then, for any real number k with k > ^Ei, ihe following holds: 

UM) = \y{Mp = |X:(M)|t = l^p. (58) 

Theorem [G] and Theorem [65] immediately imply Theorem [E] which was 
already mentioned in Introduction. More precisely, we have 
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Theorem 66 Let N be a closed oriented smooth 4-'manifold with b'^{N) = 
with a Riemannian metric of non-negative scalar curvature. For m = 1,2, 3, 
let Xm be a minimal Kdhler surface with 6'*"(Xm) > 1 and satisfying 

b+{Xm)-bi{X^) = 3 (mod 4). 

Let Tx^ be a spin'^ structure on Xm which is induced by the Kdhler structure. 
Under Definition\^ moreover assume that the following condition holds for 
each m: 

®*^(rx„) = 0mod2 forallij. 

Then, for any n = 2,3 and any real number k > i, a connected sum M : = 
{#l,=iXi)#N satisfies 



Is{M) = \y{M)\' = |/C(M)|^ = ^^ = 327T' ^ c\{X^ 

m=l 



Afc(M) 
k 

In particular, X^-invariant of M is given by 
Afc(M) = -AkTT 



\ 



2 Y. cl(X„ 



m=l 



On the other hand, it is now weh known that the value of the Yamabe 
invariant is sensitive to the choice of smooth structures of a four-manifold. 
By using Theorem [65] and a resuh in [32] , we are able to prove the fohowing 
resuh. This result can be seen as a generahzation of Theorem 5 in [35] : 

Corollary 67 The number of distinct values that the following four invari- 
ants can take on the smooth structures in a fixed homeomorphism type of 
simply connected 4-'nT'anifolds X is unbounded: 

• The Yamabe invariant y(X), 

• the invariant Zs{X) arising from the scalar curvature, 

• the invariant fC{X), 

• the Xk-invariant Xk{X) for a real number k satisfying k > ^. 
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Proof. By Theorem 1651 we have 

T,(M) = |3;(M)|2 = |/C(M)|2 = |^^|'. (59) 

Hence, in order to prove the statement of this corohary, it is enough to prove 
the claim for the Yamabe invariant. First of all, let us recall that LeBrun 
|42j proved that the Yamabe invariant of any minimal complex surface M 
of general type satisfies 



y{M) = y{M#eCP^) = -47r^2cl{M) < 0, (60) 

where I > 0. In what follows, we shall use the method of the proof of 
Theorem 5 in [35J. For the reader's convenience, we shall reproduce the ar- 
gument. Using the standard result [66] on the geography on minimal surface 
of general type, for every integer n, one can always find positive integers a 
and f3 satisfying the property that all pairs of integers (q — j, (3 + j), where 
1 < J < JT-, are realized as pairs {c2{Xj),c1{Xj)) of Chern numbers of some 
simply connected minimal complex surface Xj of general type. Consider 
the j-times blowup Mj of Xj, i.e., Mj = Xj^jCP^. Then ah these Mj, 
where 1 < j < ?^, are simply connected, non-spin and have the same Chern 
numbers (a, /?). Hence, Freedman [15] tells us that they must be homeo- 
morphic to each other. On the other hand, equality ()60p implies that Mj 
have pairwise different Yamabe invariants, i.e.. 



yiMj) = yiXji^iCP^) = yiXj) = -47r^2cf (X,) = -47rV2(/3 + j). 
By using this and ([59]) . the desired result now follows. I 



Remark 68 As Corollary 1671 above, let us here remark that all the results 
in [35] for the Perelman's A invariant also holds for the above four invariants, 
i.e., Is{X), y{X),}C{X) and Xk{X), where A; > |, without serious change 
of the proof. We leave this for the interested reader. 

4.6 Einstein metrics, simplicial volumes, and smooth struc- 
tures 

In this section, we shall prove Theorem iFl which was already mentioned in 
Introduction. 

First of all, we shall show that Theorem 1531 and the method of the proof 
of Theorem D in [28] give rise to a new obstruction to the existence of 
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Einstein metrics on 4- manifolds. The following theorem includes interesting 
cases which cannot be derived from Theorem D in [28]: 

Theorem I Let N be a closed oriented smooth ^-'nnanifold with b'^(N) = 0. 
For m = 1,2, 3, let Xm be a closed oriented almost complex ^-manifold with 
b'^{Xm) > 1 and satisfying 

6+(X„)-6i(X„) = 3 (mod 4). 

Let Txm be a spin^ structure on Xm which is induced by the almost complex 
structure and assume that 5'Wx„(rXm) = 1 (mod 2). Under Definition\^ 
moreover assume that the following condition holds for each m: 

®'^(rx„) = 0mod2 foralli,j. 

Then a connected sum M := (#m=i"'^m)#-^; where n = 2,3, cannot admit 
any Einstein metric if the following holds: 

4n - (2x{N) + 3r(7V)) > - J^ (2x(X„) + 3r(X„)) . (61) 

m=l 

Proof. First of all, a direct computation tells us that 

n 

2x{M) + 3r(M) = -4n + (2x{N) + 3r(iV)) + ^ (2x{Xm) + 3t(X„)) . (62) 

m=l 

On the other hand, notice that the condition that b'^{N) = forces that 
2x{N) + 3t(7V) = 4 - 46i (A^) + 56+ (A^) - 6" (A^) = 4 - 46i (A^) - b^ (N) < 4. 
Hence we always have 

- 4n + i2xiN) + 3t(A^)) < (63) 

when n = 2, 3. 

Now assume that Em=i(2x(^m) + 3r(Xm)) < 0. Then, by ([MD and 
(jU5|) . we have 

2x{M) + 3t{M) < 0. (64) 

Notice that any Einstein 4-manifold must satisfy the Hitchin-Thorpe in- 
equality (l3|). Hence, in the case where X]m=i(^A;(-'^m.) + 3r(Xm)) < 0, we are 
able to conclude that M cannot admit any Einstein metric by (j64p . Let us re- 
mark that, ([6T|) holds trivially in the case where X]m=i(2x(-'^m)+3r(Xm)) < 
because we have An - {2x{N) + 3t{N)) > 0. 
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By the above observation, we may assume that Ylm=ii'^x(-^rn) + 
3T{Xm)) > holds. In particular, Theorem [XI or Theorem 1511 tells us that 
the connected sum M has non-zero monopole classes. 

As was already noticed in [451 [28] , we have the following inequality for 
any Riemannian metric g on M (cf. Proposition 3.1 in 



„2 



This fact, the existence of non-zero monopole classes on M and the curvature 
bound (j33p in Theorem [53] imply the following bound for any Riemannian 
metric g on M: 

-^ I (2|Ty+|2 + f|)d^,>^^(2x(X„)+3r(X™)), (65) 

m=l 

where notice that M has non-zero monopole class and M cannot admit any 
symplectic structure. This and Theorem 1481 force that the above inequality 
must be strict. 

On the other hand, by the definition, any Einstein 4-manifold {X, g) must 

o o 

satisfy rg= 0, where r^ is again the trace-free part of the Ricci curvature Vg 
of g. Therefore, the equality ([M]) implies 



2x(X) + 3r(X) = ±^j^(2\W+\^+'^^]d^lg. 



2, 



Suppose now that the connected sum M admit an Einstein metric g. Then 
the left-hand side of the above inequality (f65l) is nothing but 2x(M)+3r(M). 
By combining (|65p with (j62p . we are able to obtain 



1 " 
4n - (2x(iV) + 3t(7V)) < - J] (2x(X„^) + 3r(X™)). 

m=l 

By contraposition, we get the desired result. I 

On the other hand, let us recall the definition of simplicial volume due 
to Gromov [21]. Let M be a closed manifold. We denote by C^:{M) := 
Ylk^o^kiM) the real coefficient singular chain complex of M. A chain 
c G Ck{M) is a finite combination ^ rjUj of singular simplexes cjj : A^ -^ M 
with real coefficients rj. We define the norm \c\ of c by \c\ := ^ |rj| > 0. If 
[a] G H^:{M,M.) is any homology class, then the norm ||a|| of [a] is define as 

||a|| := inf{|a| : [a] G H4M,R), [a] = [a]}, 
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where the infimum is taken over all cycles representing a. Suppose that M 
is moreover oriented. Then we have the fundamental class [M] G /7„(M, M) 
of M. We then define the simplicial volume of M by | |M| |. It is known that 
any simply connected manifold M satisfies ||M|| = 0. For the product of 
compact oriented manifolds, Gromov pointed out (see p. 10 of [M]) that the 
simplicial volume is essentially multiplicative. Indeed, there are universal 
constants c„ depending only on the dimension n of the product M\ x M2 
such that 

c;;^||Mi|| • IIM2II < ||Mi X M2II < c„||Mi|| • IIM2II (66) 

On the other hand, for the connected sum, we have the following formula 

(cf m- 

||Mi#M2|| = llMill + IIM2II (67) 

We shall use the following to prove Theorem [Fl 

Lemma 69 Let Xm be a closed oriented simply connected ^-''nanifold and 
consider a connected sum: 

where g,h > 1, m,k > 1 and £±,£2 > 0. Then the simplicial volume of M 
satisfies the following bound: 

16c^^k{g - l){h - 1) < ||M|| < I6c4k{g - l)(/i - 1), (68) 

where C4 is the positive universal constant depending only on the dimension 
of the product T,h x T,g. On the other hand, we have 

2x(M)+3r(M) = ( ^ 2x(X™) + 3t(X„)) + 4A:(5 - l)(/i - 1) 

m 

- A{m + k + ii) - £2, 

2x{M)-3t{M) = (^2x(X™)-3t(X„))+4%-1)(/i-1) 

m 

- 4:{m + k + h) + 5£2- 

Proof. First of all, as was already noticed in ^24j , any closed surface T,g of 
genus g >2 satisfies 

||Sg|| = -2x(Sg)=4(<7-l). 
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The bounds (|66p and (|67p together imply the following bound on the sim- 
plicial volume of a connected sum k{T,g x S^) of /c-copies of the product 



Eg X S,,: 






16cjifc(5 - 


-l)(/i- 


-1) = kC^'W^g 
< kC^W^gW 



\^h\\ = l(ic^k{g-l){h-l). 

Now, consider the connected sum M := {#rnXm)i^k{T.h x ^g)#^{S-^ x -S*^)- 
By the formula ([57|) . we are able to conclude that | |M| | = A:| |Sg x S^l | holds, 
where notice that ||#mX„|| = 0, \\S^ x S^\\ = and ||CP2|| = o. Therefore 
we are able to obtain the following bound on the simplicial volume of M: 

I6cl^k{g - l)(/i - 1) < ||M|| < I6c^k{g - l)(/i - 1). 

On the other hand, one can easily derive the formulas on 2x{M) + 3r(M) 
and 2x{M) — 3t(M) by simple direct computations, where note that 
r(Sg X SO = 0. I 

On the other hand, as an interesting special case of TheoremlH we obtain 



Corollary 70 For m = 1,2,3, let Xm he a simply connected syniplectic 
4-nianifold with b^{Xm) = 3 (mod 4). Consider a connected sum M : = 
(#^=i^m)#A;(S/. X ^gWiiS^ X S^)#£2CP^, where n,k > 1 satisfying 
n + k < 3, ii, £2 > and g, h are odd integers > 1. Then M cannot admit 
any Einstein metric if 

4(m + £1 + A;) + £2 > - ( 5^ 2x(X™) + 3t(X„) + 4A;(1 - h){l - g) 



3 ^ 

m=l 

Proof. Use Corollarv 1361 and Theorem [H I 

On the other hand, we need to recall a construction of a certain sequence 
of homotopy K2> surfaces. Let Iq be a Kummer surface with an elliptic 
fibration Yq -^ CP^. Let Yi be obtained from Yq by performing a logarithmic 
transformation of order 2£+ 1 on a non-singular fiber of Yq. It turns out that 
the Y£ are simply connected spin manifolds with ^"^(Y^) = 3 and b~{Yi) = 19. 
By the Freedman classification [15], Y^ is homeomorphic to K3 surface. 
However, 1^ is a Kahler surface with b'^{Yi) > 1 and hence a result of Witten 
[75] tells us that ±ci{Yi) are monopole classes for each i. We have ci(y^) = 
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2if, where f is Poincare dual to the multiple fiber which is introduced by the 
logarithmic transformation. See also [3]. 
We are now in a position to prove 

Theorem 71 There exist infinitely many closed topological spin 4- 
manifolds satisfying the following three properties: 

• Each ^-Tnoinifold M has non-trivial simplicial volume, i.e., \\M\\ ^ 0. 

• Each 4-fnanifold M satisfies the strict Gromov-Hitchin- Thorpe in- 
equality, i.e., 

2x(M)-3|r(M)|>^||M||. 

• Each ^-manifold M is admits infinitely many distinct smooth struc- 
tures for which no compatible Einstein metric exists. 

Proof. First of all, take any pair (m, n) of positive integers satisfying 4m + 
2n — 1 = 3 (mod 4), m > 2 and n > 1. For any pair [g, h) of odd integers 
which are greater than and equal to 3, if necessarily, by taking another pair 
[m, n) of large positive integers satisfying 4?n, + 2n — 1 = 3 (mod 4), we are 
always able to find at east one positive integer ii satisfying the following 
three inequalities 



2n+[l-— ^]{g-l){h -!)-?,> ii. (69) 



4C4 

Slvr^ 


r)te 


1-- 


4C4 



2(n + 12m) + ( 1 - ^ ]{g - i)[h - I) + 21 > h- (70) 



li>\{2n + {g-l){h-l))-2,, (71) 

where C4 is the universal constant appeared in Lemma [Um Notice that 
the inequality (|69p implies the inequality (j70p . and note also that we have 
infinitely many choices of such pair (m,n) and, hence, of ^1. 

On the other hand, let us recall that Gompf [23] showed that, for ar- 
bitrary integers a > 2 and /3 > 0, one can construct a simply connected 
symplectic spin 4-manifold X^^p satisfying 



x{X^,p),t{X^^p)] = (^24a + 4/3,-16a) (72) 
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Notice also that this imphes 

b^iXa,p) = 4a + 2/3-1, (73) 

2x{Xa,f3) + MXa,p) = 8/3, (74) 

2x(X,,^) - 3r(X,,^) = 8(12a + /3). (75) 

Now, as was already observed in the above, for any pair (g, h) of odd integers 
which are greater than and equal to 3, we can find infinitely many pairs 
{m, n) satisfying Am + 2n — 1 = 3 (mod 4) and also can find at least one 
positive integer ii satisfying inequalities ([M|) . ([TOD and ([7T|) . For each such 
five integers {m,n,g,h,ii) and for each new integer i > 0, consider the 
following connected sum: 

M{m, n, i, g, h, h) := X„,„#y,#(S^ x ^h)#£i{S^ x S^), 

where Y^ is obtained from Yq by performing a logarithmic transformation of 
order 2£ + 1 on a non-singular fiber of Yq. Note that we have bi{Xm,n) = 0, 
b+{Xm,n) = 4m + 2n-l = 3 (mod 4), bi{Yi) = and b+{Ye) = 3. Each of 
these smooth oriented smooth 4-manifolds is homeomorphic to the following 
spin 4-manifold: 

Xm,n#K3#{^g X J:h)#li{S^ X S^). (76) 

For any fixed {m,n,g,h,ii), the sequence {M{m,n,i,g,h,ii) | £ € N} con- 
tains infinitely many distinct diffeotype. There are two essentially same 
way to see this. One can use the bandwidth argument developed in [27 1 128 ] 
to see this. Alternatively, one can also see this more directly by using 
only the finiteness property (see Proposition [44l) of the set of monopole 
classes (cf. [MIES]). Moreover, each of these smooth oriented smooth 4- 
manifolds cannot admit any Einstein metric as follows. First of all, notice 
that Corollary 1701 tells us that, for any fixed (m, n, I, g, h,ii), each 4-manifold 
M{m,n,£,g,h,ii) cannot admit any Einstein metric if 

4(2 + 4 + 1) > 1 (2x{Xm,n) + 3t(X„,„) + 2xiYe) + 3r{Y^) + 4(1 -h){l-g)), 



3 



equivalently. 



?i + 3>^(8n + 4(l-/i)(l-5)). 
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where we used 2x(X„,„)+3r(X„,„) = 8n (see dZH)) and 2xiYi)+3T{Yi) = 0. 
The last inequahty is nothing but the inequahty ()7ip above. Hence, for any 
fixed {m, n, i, g, h,ii), each 4-manifold M{m, n, i, g, h, ii) cannot admit any 
Einstein metric as desired. Hence each of topological spin manifolds (j76p 
admits infinitely many distinct smooth structures for which no compatible 
Einstein metric exists. 

In what follows, we shall prove that each M of topological spin manifolds 
(j76p has non-zero simplicial volume and satisfies the strict Gromov-Hitchin- 
Thorpe inequality. In fact, by the bound ([681) . we have the following bound 
on the simplicial volume of M: 



< ^(5 - ^){h - 1) < ^:;^I|M|| < a^ig - l){h - 1). (77) 



IGc. , ,,, , 1 M , ,11 16c4 

8l7r2 ^y ^^ ^ - 8l7r2" " " 8l7r2 



In particular, ||M|| ^ holds. On the other hand, we have 

2x(M) + 3t{M) = 8n + 4{g -l){h-l)- 4(3 + h), (78) 

2x(M) - 3r(M) = 8(12m + n) + 96 + 4{g - l)(/i - 1) - 4(3 + h), (79) 

where see the final formulas in Lemma [691 and notice that, for a K3 surface, 
we have 2% + 3r = and 2% — 3t = 96. 

Now, by multiplying both sides of (I69p by 4, we have 

8n + (4 -^)(g -!)(/.-!)> 4(^1 +3). 



Equivalently, 



8n + 4(<7 - l)(/i - 1) - 4(^1 + 3)>^ig-l){h- 1). 



I6C4 

81^ 



This inequality, ([77]) and ([78]) imply 



2x{M)+3t{M) >— -||M||. 



1 

81^2 



Similarly, by multiplying both sides of (|70|) by 4, we get 

8(12m + n) + (4 - ^) (5 - l)(/i - 1) + 84 > 4^. 



Namely we have 

(12m + n) + 96 + 4(5 - l)(/i - 1) - 4(3 + ^i) > ^{g - l)(/i - 1). 



I6C4 

81^ 
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This inequality, ([771) ^i^d ([79l) tells us that the following holds: 

2x(M)-3r(M)>^||M||. 

Therefore, the spin 4-nianifold M satisfies the strict Gromov-Hitchin-Thorpe 
inequality as desired: 

2x(M)-3|r(M)|>^||M||. 

Hence, the spin 4-manifold M has the desired properties. Because we have 
an infinitely many choice of the above integers {g, h, m, n,ii), we are able to 
conclude that there exist infinitely many closed topological spin 4-manifolds 
with desired properties as promised. I 

Similarly, we have 

Theorem 72 There exist infinitely many closed topological non-spin 4- 
manifolds and each of these 4-'manifolds satisfies the three properties in The- 
orem\71\ 



Proof. The proof is similar to the spin case. In fact, instead of the above 
connected sum, consider the following connected sum 



Notice that these 4-manifolds are non-spin whenever £2^1- For complete- 
ness, let us include the proof of this theorem. As the case of spin, take again 
any pair (m, n) of positive integers satisfying Am + 2n — 1 = 3 (mod 4), 
m > 2 and n > 1. For any pair (g, h) of odd integers which are greater than 
and equal to 3, if necessarily, by taking another pair (ttz, n) of large positive 
integers satisfying 4m, + 2n — 1 = 3 (mod 4), we are always able to find at 
east one positive integer I2 satisfying the following three inequalities 

8n + 4(1 - i^) {g -l){h-l)-l2> i^. (80) 



4C4 

81^ 



(n + 12m) +4(1- ^){g - l)(/i - 1) + 84 > -5^2- (81) 



e2>l(8n + 4{g-l){h-l))-12, (82) 
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where C4 is again the universal constant appeared in Lemma [69l Notice that 
we have infinitely many choices of such pair (m, n) and of £2- 

On the other hand, as was already used in the proof of Theorem I7H the 
construction of Gompf [23j enables us to construct, for arbitrary integers 
a > 2 and /? > 0, a simply connected symplectic spin 4-manifold X^^f) 
satisfying dZS]), ([73]), dHD and ([75]). 

As was already observed above, for any pair [g, h) of odd integers which 
are greater than and equal to 3, we are able to find infinitely many pairs 
(m, n) satisfying 4m + 2n — 1 = 3 (mod 4) and also can find at least one 
positive integer ^2 satisfying inequalities ([80|) . ([HT]) and ([82]) . For each such 
five integers {m,n,g,h,i2) and for each new integer ^ > 0, consider the 
following: 



N{m,n,£,g,h,£2) := X^^^WeM^g x ^hW2CP^ 

where Yi is again obtained from Yq by performing a logarithmic transforma- 
tion of order 2£ + 1 on a non-singular fiber of Yq. We have bi{Xm,n) = 0, 
b+{Xm,n) = 4m + 2n - 1 = 3 (mod 4), 61 (Y^) = and b+{Yi) = 3. Each of 
these smooth oriented smooth 4-manifolds is homeomorphic to the following 
non-spin 4-manifold: 



Xra,n*K2,#{T.g X S;,)#^2CP2. (83) 

For any fixed (m, n, g', h,ii), again, the sequence {N{m, n, i,g,h,i2) \ i G N} 
contains infinitely many distinct diffeotype. Moreover, we can also see that 
each of these smooth oriented smooth 4-manifolds cannot admit any Einstein 
metric. In fact, Corollary [70] tells us that, for any fixed {m, n, i, g, h, £2), each 
4-manifold N{m,n,i,g,h,i2) cannot admit any Einstein metric if 

4(2 + + 1) + ^2 > ^(2x(X^,n) + MXm,n) + 2xiYi) + 3T(y^) + 4(1 - /i)(l - g) 



equivalently. 



4 + 12>^(8n + 4(l-/i)(l-5) 



where notice again that we have 2x{Xm,n) + 3r(Xm,n) = 8n and 2x{Y£) + 
3t{Yi) = 0. This inequality is nothing but the inequality ([82]) above. Hence, 
for any fixed (m, n, i, g, h, £2), each 4-manifold N{m, n, i, g, h, I2) cannot ad- 
mit any Einstein metric as desired. Hence each of topological non-spin 
manifolds ([83p admits infinitely many distinct smooth structures for which 
no compatible Einstein metric exists. 
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Finally, we shall prove that each N of topological spin manifolds (j83p has 
non-zero simplicial volume and satisfies the strict Gromov-Hitchin-Thorpe 
inequality. As the case of spin, we have 

0<fS^te-l)(/.-l)<^l|A'll<|^b-l)('.-l). (M) 

In particular, ||A^|| 7^ holds. On the other hand, we get 

2x{N) + 3t{N) = 8n + A{g - l)(/i - 1) - 12 - £2, (85) 

2x(M) - 3r(M) = 8(12m + n) + 84 + 4(5 - l)(/i - 1) + 5^2, (86) 



where we used the final formulas in Lemma 
Now, inequality ([80]) is equivalent to 

I6C4 
81^ 

This inequality, ([Mjl and ([55]) imply 

1 



8n + 4(5 - l)(/i - 1) - 12 - £2 > ^(<7 - l)(/i - 1). 



2x(iV) + 3r(iV) > 



8l7r2 
Similarly, inequality (j8ip can be rewritten as 

8(12m + n) + 4(5 - l)(/i - 1) + 84 + 5^2 > ^ 

This inequality, ([8^ and ([86]) implies 

2x{N) - 3r{N) > 



Sin' 



Thus, the non-spin 4-manifold A^ satisfies the strict Gromov-Hitchin-Thorpe 
inequality as desired: 

2x(iV)-3|r(iV)|> ^ 



8l7r2 



Therefore, the non-spin 4-manifold A^ has the desired properties. Since we 
have an infinitely many choice of the above integers {g,h,m,n,i2), we are 
able to conclude that there exist infinitely many closed topological non-spin 
4-manifolds with desired properties. I 

It is now clear that Theorem [Fl mentioned in Introduction follows from 
Theorems [7T] and [72j 
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Remark 73 It is known that the right-hand side of Gromov-Hitchin- 
Thorpe inequahty ([5|) can be replaced by the volume entropy (or asymp- 
totic volume) [33]. For the reader's convenience, let us here recall briefly the 
definition of the volume entropy (or asymptotic volume) of a Riemannian 
manifold. Let X be a closed oriented Riemannian manifold with smooth 
metric g, and let M be its universal cover with the induced metric g. For 
each X £ M, let V{x, R) be the volume of the ball with the center x and 
radius R. We set 

A(X,(7):= hm hogV{x,R). 

Thanks to work of Manning [53], it turns out that this limit exists and is 
independent of the choice of x. We call X{X,g) the volume entropy of the 
metric g and define the volume entropy of X to be 

X{X):= inf X{X,g), 
sen], 

where 7^^ means the set of all Riemannian metrics g with V{X,g) = 1. It 
is known that the volume entropy can only be positive for manifolds with 
fundamental groups of exponential growth [54J. Now, it is known that any 
closed Einstein 4-manifold X must satisfy the following bound [34] : 



2x{X)-3\t{X)\>^X{X)\ (87) 

where equality can occur if and only if every Einstein metric on X is flat, 
is a non-flat Calabi-Yau metric, or is a metric of constant negative sectional 
curvature. The inequality (fSTll is stronger than the inequality ^. Notice 
that the connected sums appeared in Theorems [7T] and [72] have non-zero 
volume entropy because we have the following inequality [24[l62j which holds 
for any closed manifold X of dimension n: 

^||X||<[A(X)f, 

where Cn is the universal constant depends only on n. It is natural to ask 
if Theorem [F] still holds for the inequality (j87p . To prove such a result, we 
need to compute the value of the volume entropy of connected sums or to 
give an upper bound like Lemma [69] above. To the best of our knowledge, 
there is no literature which discusses such a subject. If we could prove such 
a result. Theorem [F] can be easily generalized to the case of volume entropy. 
In the present article, we could not pursue this point. We hope to return 
this issue in near future. 
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5 Concluding remarks 

In the present article, we have proved a new non- vanishing theorem of stable 
cohomotopy Seiberg-Witten invariants and have given several applications 
of the non-vanishing theorem to geometry of 4-manifolds. As was already 
mentioned in Introduction, our non- vanishing theorem, i.e. .Theorem 1X1 in- 
cludes Bauer's non-vanishing theorem as a special case except the case of 
four connected sums. Moreover, we showed that Conjecture [2] in the case 
where i = 2 is true. Based on Theorem [Aj Theorem [B] and Corollary HI it is 
so natural to propose the following including Conjecture [5] in the case where 
£ = 3 as a special case: 

Conjecture 74 For i = 1,2, 3, 4, let Xi be are almost complex 4-manifolds 
with b+{Xi) > 1, bi{Xi) 7^ 0, SWx{Tx) = 1 (mod 2), and satisfying both 
conditions ([T]) and ([2|). Then a connected sum X := i^j^iXi has a non-trivial 
stable cohomotopy Seiberg-Witten invariant. 

Notice that, if one drop the condition that bi{Xi) 7^ in the above, the 
claim is not true because the conclusion contradicts Bauer's non-vanishing 
theorem. Unfortunately, the method developed in the present article cannot 
be used to explore the above conjecture because the spin cobordism Seiberg- 
Witten invariant must vanish for the connected sum X := i^f^iXi. See 
Remark [27l above. Hence, in order to attack the above conjecture, we need 
to develop a completely new method. We hope to return this issue in some 
day. It is also interesting to ask, in the case where bi{Xi) 7^ 0, if there 
is an integer n > 5 such that the connected sum #f^|Xj has a non-trivial 
stable cohomotopy Seiberg-Witten invariant. This is also completely open. 
We remark that, for any closed 4-manifold X with b^{X) > 1 and bi{X) = 
0, there is some large integer A^ such that, for any n > N, the n-fold 
connected sum of X with itself, has a trivial stable cohomotopy Seiberg- 
Witten invariant. See [19] for more detail. 

On the other hand, it is not so easy, at least for the present authors, 
to find examples of almost complex 4-manifold with 6+ > 2, 61 7^ 0, 
SWx^i^Xi) = 1 (mod 2) and satisfying both ([T]) and ([2]), where Txi is a 
spin'^ structure compatible with the almost complex structure. In Theorem 
[35] above, we saw that the product T,g x S/j with g, h odd and primary 
Kodaira surface are such examples. We have the following problem: 

Problem 75 Find another example of almost complex 4-manifold X with 
b+{X) > 2, bi{X) 7^ 0, SWxiTx) = 1 (mod 2) and satisfying both ((H) and 
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On the other hand, Okonek and Telenian [60j introduces a new class of the 
stable cohomotopy Seiberg-Witten invariant, which has clear factorial prop- 
erties with respect to diffeomorphism of 4-manifolds. In particular, for any 
closed 4-nianifold with b'^{X) > 2 and 61 (^) = 0, the invariant of Okonek 
and Teleman is equivalent to the stable cohomotopy Seiberg-Witten invari- 
ant BFx due to Bauer and Furuta [4j. However, it seems that the invariant 
of Okonek and Teleman is finer than the stable cohomotopy Seiberg-Witten 
invariant in general. Among other things, in |60j, Okonek and Teleman clar- 
ifies a relationship between the new invariant and a variant of the original 
Seiberg-Witten invariant SWx , which is called full Seiberg-Witten invariant 
|59j . On the other hand, in Theorem 1191 proved in subsection 12.51 above, we 



- — - spin 

established a natural commutative diagram among BFx, SWx ^^^ SWx- 
In light of these results, there should exist an analogue of Theorem [19] in 
the context of Okonek and Teleman [60] . We also hope to return this issue 
in a further research. 
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